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A nonlocal boundary value problem for a system of ordinary integro-differential equations
with impulsive effects, nonlinear mixed maxima and fractional order Hilfer operator is
investigated. The nonlinear boundary value condition is given in the nonlinear integral
form. The problem is reduced to the nonlinear system of functional integral equations. The
system of functional integral equations has terms of nonlinear functions in integral and
non-integral forms. The method of successive approximations in a combination with the
method of compressing mapping is used in proving the unique solvability of the boundary
value problem.
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1. Introduction

Fractional calculus plays an important role in the mathematical modeling of many
problems in scientific and engineering disciplines, continuum and statistical mechanics,
in the construction of the Ebola epidemic model, a fractional model for the dynamics
of the tuberculosis infection and novel coronavirus (nCoV-2019) and otheres [1-9]. In
the applications of fractional derivatives in solving differential equations were obtained
interesting results in the many papers (see, for exmample, [10-19]. Many problems
in applications are described by fractional order differential equations, the solution of
which is a function with first kind discontinuities at some points of the time interval.
Fractional differential equations of such type are called fractional differential equations
with impulsive effects. Integer order differential equations with impulsive effects are
considered, in particular, in [20-27]. On the other hand, in recent years the interest
in the studying of differential equations with nonlocal boundary value conditions is
increasing (see, for example, [28-37]). Also a lot of publications in studying of differential
equations with impulsive effects, describing many natural and practical processes, are
appearing [38-45|. In [46-49], the issues of the solution existence for impulsive differential
equations with fractional order derivatives are considered.

Differential equations with maxima have singularities in single valued solvability.
Moreover, the jumpiness of solutions is a natural thing for differential equations with
mixed maxima [50]. In the present paper, we investigate a nonlinear nonlocal boundary
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value problem for a system of ordinary Hilfer type fractional order nonlinear integro-
differential equations with impulsive effects and nonlinear mixed maxima. The questions
of existence and uniqueness of the solution of the nonlinear boundary value problem are
investigated. This paper is the further development of the paper [51].
Let (0,7) be an interval, 0 < T < oo, o > 0. The Riemann — Liouville a-order
fractional integral of a function 7(t) is defined as follows:
t

1

Igin(t) = m/(t —5)* n(s)ds, a>0, te(0,7T),

where I'(a) is the Gamma-function. Let n — 1 < a < n € N. The Riemann — Liouville
a-order fractional derivative of a function 7(t) is defined as

n

dtn

The Hilfer operator will be considered in the form

Dain(t) = ——1Igi “n(t), t € (0,T).

d
DG =13, 2 0o 0<a<y<L

Note that this operator can be express through operator 'DSY;’B from [4, vol. 1, p.55,
ayu .
formula (37)] by the equality Dy}’ = Dy;' *, i.e. v = a+ B(1 — a).

2. Problem statement

On the set (0,7) \ {ti}, i=1,2,...,pfor 0 < a <~ <1 we consider the following
fractional order system of nonlinear integro-differential equations

Dgx(t) = f (t,a:(t), 1,0 (t,s,max {x(7)|7' € [h1 S hQ] })) , (1)

where [hy @ | @ ha] = {[min{hl(t);hg(t)};max{hl(t);hg(t)}} cte (0,T)\ {t;}, i =
L,2,...,p, hi(t)=h;t,zt)), j= 1,2}, [0, T]xR*"xR* - R" ©:[0,7T]*> x R* —
R"™.

We study the unique solvability of the system of nonlinear integro-differential
equations (1) with nonlinear nonlocal boundary value condition

Ao, w(0%) + () Ig7 [K (8, 5) s' Ve (s)] = B(t, (1)) (2)

and nonlinear impulsive effect condition

tit ~ ,
where 0 = ) < t; < - < t, < t,y1 =T, A € R™™ is given matrix, K(t s) is

given (n x n)-dimensional matrix function and det Q(t) # 0, Q(t) = A+ / K(t,s)d

Fy:R" = R" B:[0,T] x R* — R" are given functions; I,;" z(07) = hrr}rIOt x(t),
t—0
z () = lima (t; + 1), = (t;) = lima (t; — 1) are right-hand sided and left-hand sided
=0+ -0+

limits of function x(t) at the point t = ¢;, respectively.
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2.1. Formulation of problem.

To find the function z(t) € R™, such that for all ¢ € (O,T)\{ti}, i=1,2,...,p, 0<
ty <ty < --- < t, < T it satisfies integro-differential equation (1), nonlinear integral
condition (2) and for t =t¢;, i =1,2,...,p nonlinear limit conditions (3) hold for it.

3. Reduction the problem to a functional integral equation

Let a function z(t) € R™ is a solution of nonlocal boundary value problem (1)—(3)
T)\ {ti}, i = 1,2,...,p. We rewrite fractional differential equation (1) on the
interval (0, ;] as

o d
Igtl dt[étlyx(t) = f (tv 1’7:1./) )

where by f(t,z,y) we denote the given nonlinear function

[t z), 1O (¢, s, max {z(7)|T € [h(t,2(t)) : | : hao(t, z(2))] })) -

Appling the operator I, to the both sides of the last differential equation, we obtain

d Vo _ 1 a—1
[Otl dt[0t1 - F(a) /(tl - S) f(s,a:,y) ds

0

Hence, taking into account the formula

I dll v = x(tT t 1—y
0t gz 0t x(t) =z(ty) — T (7) tl_lgﬁrfotl (1),
we obtain
t) !
x(tf)zmtl_lg}rfoz /t —5)*  f (s,2,y) ds, t€(0,t].

Analogously, by integration of the fractional order differential equation (1) on the

intervals (t1,t2], (t2, 3], ..., (tp, tp41], we obtain:
’7*1 1 2
z(ty) = F ) thltnftltz x(t) + m/(tz —8)* (s, x,y) ds, € (ty,ta],
t1
3! 7
l‘(t?:) = T (7) tlirfl Itz t3 (t> + m/(ti’» - S)a_lf (87 xay) dS, te (t27t3] P
to
£ L
z(tyy1) = ﬁg? I x(t) + (o) (tpr1 — )7 f (s,2,y) ds, t € (ty,tp].
P tp

Hence, taking into account the equality =(t,,,) = 2(t) on the interval (0,77, we have

t

o fue = [

'y—l

17
r iy A on’ o)) +
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771
+ |z (t2) — lm I ()| 4+ ... + |=(t lim I, z(t)| =
(2) F(’Y)tt* t1to () () F()t—nﬁ* pp+1 ()]
-1 -1
tl . 1—v t2
i 0= | £ 20 = )| - | im0 20| -
tr
+1 g rle
—”.—[;wﬁggg@;mw—x@g + x(t).
Due to condition (3), the last equality we rewrite as
t
(0= fos B 100 + o [ 9 s ds+ 3D Rz,
z(t) = =—— lim — —s S, s (e (t)) -
T (7) oo+ I (@) Y oS
0 (3

The last equality has singularity at the point ¢ = 0. We subordinate the function
z(t) € R™ in (4) to satisfy boundary value condition (2). Then, multiplying both sides
of obtained equality by ¢!77, presentation (4) we rewrite as

I (y)t'

U (y)t' a(t) = 1577 2(07) + T /(t — )" f(s, 2, y) ds+

D) Y B ).

0<t; <t

Now we multiple the last equality by K (¢, s) and integrate it from 0 to 7. Then

T T

I () / K(t,s)s"a(s)ds = 117 2(0*) / K(t,s)ds+
(—Zé/TK /S(s —0)* (0, z,y) dO ds+

+F(7)/K(t, 57 Y F(x (k) ds. (5)

o<t; <t

Substituting presentation (5) into nonlinear condition (2), we obtain:

{A+iKts%} T2(07) =

T
= B(t,z(t) —l/Kts f(0,z,y)d0 ds—
0

Oé

K(t N Fi(x(t) ds. (6)

0<t; <t

fer
j
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By virtue of det Q(t) = det lA + /K(t, s)ds} # 0, the equality (6) one can rewrite as

Iy "x(0%) = Q7 (t)B(t, (1))~

T
—FW)Q /Kt(ssl”/ 0)* 1 f(0,2,y)dO ds—
0

0<t <t

/T K(t F (x (1)) ds.

Substituting equality (7) into representation (4), we obtain

t

CQTN (Bt (1)) + ﬁ / (t— ) (s, 2, y)ds—

s

v—lQ O/TK / — )7 f(0,2,y) db ds—

i /Kts SN B () ds+ S F(n(t)

0<t;<t 0<t;<t

Since the following equalities hold

T s
/K(t, s) st /(s —0)*71f(0, z,y) dods =
0 0

T T
://K (t,0)07do (t — 5)* 1 f(s, 2,y) ds,
0

s

T

/K(t,s)sl—v . F(x(t))ds= > /K(t,s)sl—vdsm(x (t:)),

0<t;<t 0<t;<T .
1

presentation (8) implies

it QOB () + s [ 9 s s

0

T T
7_lQ //K (t,0)0'7d0 (t — s)* ' f(s, z,y) ds—

0 s

—t77Q7M(t) Y /K s'TTdsFy(z(t) + Y Fi(z ().

0<t;<T t o<t; <t

(7)
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After some simplifications in (9) we obtain that the following equalities hold:

t

1 a—1
m(}/(t_s) f(s,a:,y)ds—

1 =it [ 1=y — ) (s, x s =
T <t>O/S/K<t,0>9 (¢ — )" (5., 9) ds =

:Ql(t)ﬁ / A+ / K(0)d0 | (t— )" (s, y) ds—

T

1 1 1=y (s x s
S aCa O/S/Kte YOI 0 (t — 5)° F(s, 2, y) ds, (10)
> Bl - 3 /Kts )s17ds F (1)) =
=Q7'(1) Y (A+/K(ti,s)ds)Fi(x (t;)) —

T

—t7'QTN ) D /K(t,s)sl—vczsmx(ti)). (11)

t<tiy1<T ti

Taking into account (10), (11) and multiplying both sides by ¢'~7, from presentation
(9) it follows the nonlinear functional integral equation

7 (t) = J(t; x)—ﬁ '(t)B Z tYVG (t,t) Fi (o (t) +
ﬁ/tl TGt 8)(t — 8)* 1f(sgg /@ (s,0, max {z(r)|7 € [h1:]: hg”)d@)ds

for t € (ti7ti+1]7 1=0,1,...,p, where hj = h,j (9, I(Q)), =12

O'(1) (A + fK(t,@)d@), 0<s<t,
G<t7 8) - 0T
—t71QNt) [ K(,0)0'77d, t < s < T.

4. One value solvability theorem

According to (12), the unknown function z(t) we consider with the weight function
t'=7. So, by C ([0, T], R") the Banach space of continuous vector functions t'~7xz(t),
defined on the segment [0, 7], with the norm

0<t<T
7j=1

|t 2(t) || = J max | t17z;(t) |,
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is denoted. By PC ([0, T], R™) we denote the following linear vector space
PC([0,T], R") = {tl_%s(t) L [0,T) = R a(t) € C((t, tia] , R, i=1,... ,p},

where z () and z (t;) (i =0,1,...,p) exist and bounded; z (¢;) = x (¢;). Note, that
the linear vector space PC ([0, 7], R") is Banach space with the norm
1- _ 1- L
Ht Tx(t) = maX{H 7 a(t) HC((ti’tiH]) L i=1,2,... ,p} )
For the unique solvability of nonlocal boundary value problem (1)—(3) on the set

(0,7)\ {ti}, i=1,2,...,p we study the existence of a unique solution of equation (12)
in the class PC (0,77, R™).

Ipe

Theorem 1. Suppose the following conditions are fulfilled:

f(eo forenn o)

2) szie{ggéfp}lF()Koo B = rhymax | Q7 (0)B (t,0)] < oo

3) for allt € [0,T], z,y € R" and i = 1,2 holds

1) My = max

| f(t ) = f(two,y2) | < M) 77 [0 — 2o | + Ma(t) [91 — 925
4) for all (t,s) € [0,T]?, z € R"™ holds
|O(t,s,21) — O(t,5,13) | < Ms(t,s) s |zy — x| ;
5) for allt € [0,T], x € R"™ holds
| B(t,21) = B(t,22) | < My(t) 77 |21 — 2[5
6) for allt € [0,T], z € R™ holds
| hj(t,x0) = hj(t, @) | < Mgy () 677 |21 — 22|, 5=1,2;
7) forallz € R", i=0,1,...,p holds
| Fi(21) — Fi(22) | < Nitilf7 |z — 29|, 0< N

8) p=251+ Sy + S5+ Sy <1, where 0 < M;(t) € C[0,T],i=1,2,...6,

T
S1 = Dax /‘tl "G(t,s)| (t—s)* ' Mi(s)ds,
0
T T
Sy = Ogltaéx /‘tl ’YG t, S) ‘ (t _ 8)01M2<5)/M3(S,9) [1 + Mf(M5(9) + M6(9))} deS,
0 0
1
= 1=y , —
—O%th Gt.t| Niw Si= e | Q7O Mi(®)
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Then functional integral equation (12)  has a unique solution in the class
PC ([0, T],R™). This solution can be found by the following iterative process:

1—v,.m — . pom—1 . F. — :
{t a™ () = J(t; 2™Y), t € (t, tiv1), m=1,2,3,...; (13)

t1=72%() =0, t € (t, tiy1), 1=0,1,2,...,p

Proof. We consider the operator J : PC ([0, T]; R") — PC([0,7] x R™), defined by
the right-hand side of equation (12). Taking the first and the second conditions of the
theorem, for the first difference of approximations (13) we have the estimates

|17 (21(t) —2°(1)) || < T%&%'Q (t)B (t,2°(t)) | +
—1—&%)%2]):!15176?(@@)“5( }—i—olgéggp/‘tl "Gt s)| (t— )" x
f(s,xo(s),/@ s,0,max {2°(7)|r € [ :|: h3]}) d9> ds <

< S() (Mf+NF)+BQ < 00, (14)
where b = h;(6,2°(0)) = h;(6,0), j=1,2,

T

p
Sy = o%a%}%/ [t' Gt s)| (t—s)* ds + Orggf{pz [t' Gt )]

<<t J <H<T 4

T
My = max < /@tsx ds)‘,
0<t<T

0

1

Bo = piyomax | Q' ()B (t,2°(t)) |, Np= x| | Fi (27(1)) |-

Then, by the conditions of the theorem, for difference of arbitrary consecutive
approximations and for arbitrary ¢ € (¢;,t;11], we have

1—v m m—1 1 -1 m—1 m—2
|t177 (z™(t) — 2™ (1)) | < W‘Q ®) [B (t,z™ (1)) — B (t,z™2(t))] | +

T

—i—/ t" Gt s)| (t—5)* %

0

f(s,xm_l(s), /T 6 (5,6, max {a™ ()7 € [17=" : | : i3]} de) -

X

ds+

_ (s,gcm?(s), /T 6 (5,6, max {a™2(r)|r € [172: | = 3]} de)

D [T )| [ F (2 () = Fi (27 (8) | <

=1



320 T.K. Yuldashev, T.G. Ergashev, T.A. Abduvahobov

1 -1 e (e () — 2
<Ey @O [T @ ) |+

—|—/ |t1_7G(t, s)’ (t —s)* 1| My(s) - }SI_V(xm_l(s) —2™7(s)) | + Ma(s) /M3(3,9)><

X (01_7 ‘ max {xm_1(7)|7 € [h’ln_l aE h?‘l]} —
— max {xm_2(7)|7' € [h;”‘l I h;”_l]} ‘ +
+0' } max {z™(7)|[T € K" |t YT} —

—max {z"*(7)|T € A2 | A3} ) d@] ds+

+ Z (G )| N [T (T ) — 2™ () (15)
Taking into account that
|max {xm_1(7)|7 € [hT‘l | hg”_l]} — max {a:m_Q(T)\T € [hT‘l I h’g_l]} ‘ +
+ | max {z"*(7)|r € [W77 [ hET} —max {a™ 7 (7)|T € [WT7 | WP} ‘ <
< |a™ M E) —a™2(t) |+ My [ ha (8, 2™ (E) — by (5,2 72(1)) | +
+ | o (£, 2™ (t)) = ha (£, 2™72(1)) |] <
<14 My (Ms(t) + Mg(t))] [ 2™ (t) — 2™ 2(1) |,

from (15) we easily obtain

l'yx —r 1 L l—q/xml _xm—2

477 (0 27 0) | € s @70 | () |11 @) ) |+

/|t17Gts O‘l{Ml |317(:vm1(s)—:17 )}+M2 /MgS@
[1-+ My (M5 (8) + Ms(0))] |07 (27 71(6) = " =2(9)) | dB)] s+

p
Y G )| N [T @ ) — 2R () -
i=1
Hence, by the aid of the introduced norm we get

[#77 (@™ (6) =271 (0) | e <

< Ty | Q7O | Mae) || 77 (@ (0) = () |+
+OI?tagf(F/|tl TG, s)| (t—8)* T My(s Hsl 7(:cm 1(s) —xm’Q(s)) || ds+

T
+max/}t1 TG(t,s)| (t—s)* T My(s )/Mg(s,Q)x
0
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x [1+ My (Ms(0) + Mg(0))] || 07 (z™1(0) — 2™%(0)) || dbds+
+ Z (LG )| N | 4T () — 2™ (E) || <

<o £ @)~ 27720 | . (10

where P = Sl + SQ + 53 + S4.

According to the last condition of the theorem p < 1. Therefore, from the estimate
(16) we have that the operator J on the right-hand side of the equation (12) is
contracting. According to fixed point principle, taking into account estimates (14)—(16),
we conclude that the operator .J has a unique fixed point in the class PC (][0, 7], R").
The theorem is proved. O

Consequently, nonlocal boundary value problem (1)—(3) has a unique solution z(t) €
R™on (0,T)\ {t:},i=1,2,...,p.

5. Conclusion

On the interval (0,7) \ {ti}, = 1,2,...,pfor 0 < a < v < 1 is considered
the fractional order system of nonlinear integro-differential equations (1) with nonlocal
integral condition (2) and nonlinear impulsive condition (3). The problem (1)—(3) is
reduced on the interval (0,77)\ {ti}, 1=1,2,...,p to the nonlinear system of functional
integral equations (12). The system of functional integral equations (12) has terms of
nonlinear functions in integral and non-integral forms. The theorem on existence and
uniqueness of the solution of the nonlinear boundary value problem (1)—(3) is proved.
In proving the theorem on one-valued solvability of the boundary value problem (1)—(3)
is used the method of successive approximations in combination it with the method of
compressing mapping.
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