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1. Introduction and preliminaries

The concept of almost periodicity was introduced by H. Bohr [1| around 1924-1926
and later generalized by many other mathematicians. Let I = R or I = [0,00), let
(X, ]| - |I) denote a complex Banach space, and let f: I — X be a continuous function.
Given € > 0, we call 7 > 0 an e-period for f(-) if and only if ||f(t +7) — f(¢)]] < e,
t € 1. The set of all e-periods for f(-) is denoted by V(f, €). It is said that f(-) is almost
periodic if and only if for each € > 0 the set J(f,¢€) is relatively dense in [0, 00), which
means that there exists [ > 0 such that any subinterval of [0, c0) of length [ meets J( f, €).
The vector space consisting of all almost periodic functions is denoted by AP(I : X);
see [2-11| and references cited therein for more details on the subject.

Let w > 0 and ¢ € C\{0}. The class of (w, ¢)-periodic functions has been introduced
and investigated by E. Alvarez, A. Gémez and M. Pinto in [12]| (see also the research
article [13] by E. Alvarez, S. Castillo and M. Pinto; in a series of our recent research
studies, M.T. Khalladi, M. Kosti¢, A. Rahmani and D. Velinov have introduced and
investigated generalized (w,c)-almost periodic type functions). Let us recall that a
continuous function f : I — X is said to be c-periodic if and only if there exists w > 0
such that f(-) is (w, ¢)-periodic, i.e., f(x4w) = cf(z) for all z € I (here, ¢ € C\{0}). The
space consisting of all (w, ¢)-periodic functions and the space consisting of all c-periodic
functions are denoted by P, .(I : X) and P.(I : X), respectively; if ¢ = —1, then we
also say that a (—1)-periodic function is anti-periodic. The space P.(I : X) generalizes
the space of Bloch (p, k)-periodic functions; let us recall that a bounded continuous
function f : I — X is said to be Bloch (p, k)-periodic, or Bloch periodic with period p
and Bloch wave vector or Floquet exponent &k (here, p > 0 and k£ € R) if and only if
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f(x+p) =e* f(z), z € I. On the other hand, any anti-periodic function is Bloch (p, k)-
periodic with certain real parameters p > 0 and k£ € R. It should be recalled that any
Bloch (p, k)-periodic function is almost periodic [14] but not necessarily periodic since
the function f(x) := €™ + ¢V2=Dz 2 ¢ R is Bloch (p, k)-periodic with p = 27 + /27
and k = v/2 — 1 but not periodic. For more details about (generalized) Bloch (p, k)-
periodic functions, see the research articles [15] by M. Hasler and [16] by M.F. Hasler,
G.M. N’Guérékata.

In [17], M.T. Khalladi, M. Kosti¢, M. Pinto, A. Rahmani and D. Velinov have
analyzed the notion which depends on only one parameter, ¢ € C\{0}. More precisely,
in this paper, the authors have introduced and analyzed various notions of c-almost
periodicity for a continuous function f: I — X:

(i) we call a number 7 > 0 a (¢, ¢)-period for f(-) if and only if ||f(t+7)—cf(t)|| < e
for all t € I (¢ > 0); by 0.(f,¢) we denote the set of all (¢, ¢)-periods for f(-). It
is said that f(-) is c-almost periodic if and only if for each € > 0 the set 6.(f, ) is
relatively dense in [0, 00). The space of all c-almost periodic functions from [ into
X will be denoted by AP.(I : X);

(ii) f(-) is called c-uniformly recurrent if and only if there exists a strictly increasing
sequence (a,,) of positive real numbers such that lim a, = +oo and

n——+00
lim Hf( +a,) — cf()HOO =0.
n—-+00
If c = —1, then f(-) is said to be uniformly anti-recurrent. The space of c-uniformly

recurrent functions from I into X will be denoted by UR.( : X);
(ili) set S:=Nif I =[0,00) and S := Z if I = R; then it is said that:
(a) f(-) is semi-c-periodic (of type 1) if and only if
Ve>0 Jw>0 VmeS Vezel |flxz+mw)—c"f(z)|<e
the space of all semi-c-periodic functions will be denoted by SAP.(I : X);
(b) f(-) is semi-c-periodic of type 2 if and only if
Ve>0 Jw>0 VmeS Veel |c"flx+mw)— flz)| <e

(¢) f(+) is semi-c-periodic of type 1, if and only if

Ve>0 Jw>0 VmeN Veel |f(z+mw)—c"f(z)||<e
(d) f(-) is semi-c-periodic of type 2, if and only if

Ve>0 Jw>0 VmeN Vzel |c™f(z+mw)— flz)||<e.

The space P.(I : X) is contained in the space SAP.(I : X), which is further
contained in the space AP.(I : X). In [17]|, we have proved the following: Let || = 1,
i€{1,2} and f: I — X be a continuous function. Then f(-) is semi-c-periodic of type
i (i4) if and only if f(-) is semi-c-periodic of type 1. We will also employ the following
result whose proof will appear somewhere else.

Lemma 1. Let |c| # 1,i € {1,2} and f : I — X. Then f(-) is semi-c-periodic of type i
(1) if and only if f(-) is c-periodic.

A continuous function f : I — X is called asymptotically c-almost periodic
(asymptotically c-uniformly recurrent, asymptotically semi-c-periodic) if and only if
there are a c-almost periodic function (c-uniformly recurrent function, semi-c-periodic
function) ¢ : R — X and a function h € Cy(I : X) such that f(t) = g(t) + h(t),
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t € I; here, Cy(I : X) denotes the vector space consisting of all continuous functions
[+ 1 — X such that limy_,; || f(¢)|| = 0. Suppose that I = R. In this case, it is worth
noting that the notion of asymptotical almost periodicity introduced above (¢ = 1) is
different from the corresponding notion used in [18| (see also [10, Section 2.7]), where
we have assumed that the decomposition f(t) = g(t) + h(t) holds only for ¢ > 0 as well
as that h € Cy([0,00) : X) (cf. also [19, Remark 2.5]). In order to be more consistent
henceforth, we will say that f : R — X is half-asymptotically c-almost periodic (half-
asymptotically c-uniformly recurrent, half-asymptotically semi-c-periodic) if and only if
there are a c-almost periodic function (c-uniformly recurrent function, semi-c-periodic
function) g : R — X and a function h € Cy([0,00) : X) such that f(t) = g(t) + h(t),
t>0.

If ¢ = 1, then we also say that f(-) is ((half-)asymptotically) uniformly recurrent
(((half-)asymptotically) semi-periodic, ((half-)asymptotically) almost periodic); if ¢ =
—1, then we also say that f(-) is ((half-)asymptotically) almost anti-periodic
(((half-)asymptotically) uniformly anti-recurrent, ((half-)asymptotically) semi-anti-
periodic). Note, if f(-) is c-almost periodic, then f(-) is almost periodic and therefore
bounded (see [17]).

We will use the following lemma, which can be deduced with the help of
[19, Theorem 2.6] and [9, Theorem 3.36, Theorem 3.47; pp. 97-98].

Lemma 2. Suppose that the sequence (f, : R — X) of asymptotically almost
periodic functions (half-asymptotically almost periodic functions) converges uniformly to
a function f: R — X. Then f(-) is asymptotically almost periodic (half-asymptotically
almost periodic).

The classes of scalar-valued bounded and almost periodic distributions have been
introduced by L. Schwartz [20] and later extended to the vector-valued distributions by
I. Cioranescu in [21]. On the other hand, the class of scalar-valued asymptotically almost
periodic distributions has been introduced by I. Cioranescu in [22], while the notion
of a vector-valued asymptotically almost periodic distribution has been analyzed by
D.N. Cheban [23] following a different approach (cf. also [.LK. Dontvi [5] and A. Halanay,
D. Wexler [24]). For more details about the subject, we refer the reader to [25-32] as
well as the recent research studies [33| by C. Bouzar, F. Z. Tchouar, [18] by M. Kosti¢
and [34] by M. Kosti¢, S. Pilipovié, D. Velinov.

As mentioned in the abstract, in this paper we introduce and investigate
various classes of vector-valued c-almost periodic type distributions and vector-valued
asymptotically c-almost periodic type distributions. The organization and main ideas
of this paper, which is created as a certain continuation of studies [17] and [18],
can be briefly described as follows. In Subsection 1.1, we remind ourselves of the
basic definitions and results about vector-valued (asymptotically) almost periodic
distributions (concerning original contributions of ours, we would like to say that,
in this subsection, we introduce a new distributional space B (X) and provide a
simple structural characterization of B’ (X)) in Proposition 1). Section 2 introduces and
thoroughly analyzes the above-mentioned classes of c-almost periodic type distributions;
the main results of paper are Theorem 9 and Theorem 11. In the last section, we
analyze the asymptotically c-almost periodic type solutions for the systems of ordinary
differential equations in the distributional spaces.
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1.1. Vector-valued (asymptotically) almost periodic distributions

Denote by D(X) = D(R : X) the Schwartz space of all infinitely differentiable
functions f : R — C with compact support in X. By S(X) = S(R : X) we denote the
Schwartz space of all rapidly decreasing functions with values in X, and by £(X) =
E(R : X) we denote the space of all infinitely differentiable functions with values in X;
D=D(C),S =S8(C) and £ = &£(C). The spaces of all linear continuous mappings from
D, S and € into X are denoted by D'(X), S'(X) and £'(X), respectively [20]; Dy stands
for the subspace of D consisting of all functions with the support contained in [0, co).
If T € D'(X) and ¢ € D, then we define T x p € E(X) by (T *x¢)(z) := (T, p(x —-)). If
f:R — X, then we define f : R — X by f(t) := f(—t), t € R; for any T € D'(X), we
define T € D'(X) by (T, ) := (T, ), p € D.

Let 1 < p < o0. By Dr»(R : X) we denote the vector space consisting of all infinitely
differentiable functions f : R — X such that f0) € LP(R : X) for all j € Ny. The
Fréchet topology on Dr»(R : X) is induced by the following system of norms || f||x :=
Z§:0||f(j) HLP(R), k € N. If X = C, then the above space is simply denoted by Dy». The

space of all linear continuous mappings f : Dy — X is denoted by D}, (X). Endowed
with the strong topology, D} ,(X) becomes a complete locally convex space; D7, (X) is
a well known space of bounded X-valued distributions. In the sequel, we will use the
fact that a vector-valued distribution 7" € D’'(X) is bounded if and only if the function
T * ¢ is bounded for all ¢ € D; see e.g., |21, Theorem 1.1].
Let T € D), (X). Then the following assertions are equivalent [21]:
(i) Txp e AP(R: X), ¢ € D;
(ii) there exist an integer £ € N and almost periodic functions f;(-) :R — X (0 <j <

k) such that T' = Z?:o f;j ) in the distributional sense.
We say that a bounded distribution 7' € D}, (X) is almost periodic if and only if T
satisfies any of the above two equivalent conditions; if this is the case, then we know
that the restriction of T to the space S is an X-valued tempered distribution [10]. By
B, p(X) we denote the space consisting of all almost periodic distributions.
Define the space of bounded distributions tending to zero at plus infinity as follows:

Bl o(X) = {T € Dys(X); lm (Th,¢) =0, peD},

where (Tj, ) = (T, ¢(- — h)), T € D'(X), h > 0. A bounded distribution 7" € D%, (X)
is said to be asymptotically almost periodic if and only if there exist an almost periodic
distribution T, € B/;p(X) and a bounded distribution tending to zero at plus infinity
Q € B ((X) such that (T, ¢) = (Top, @) +(Q,¥), ¢ € Dy. By B)4p(X) we denote
the vector space consisting of all asymptotically almost periodic distributions (see e. g.,
[18, Definition 1]).

Let T' € D},(X). Then we know that the following assertions are equivalent (see
e.g., |18, Theorem 1|):
() T € Blyyp(X);

)
(i)
)
)

(iii
(iv) there exist an integer £ € N and half-asymptotically almost periodic functions
fi():R—= X (0 <j <k)such that T = 25:0 fj@ on [0,00), i.e.,

the function T % ¢ is half-asymptotically almost periodic for all ¢ € Dy;
the function T * ¢ is half-asymptotically almost periodic for all ¢ € D;

k

o) =3 (-1) / TSt o € Do (1)

J=0
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(v) there exists a sequence (7},) of half-asymptotically almost periodic functions from
£(X) such that lim,_,. T, = T in D}, (X).

For the first time in the existing literature, we consider here the space
B.(X) = {T €DL(X); lim (Tig) =0, pe D},
—+00

which is slightly different from the space B’ ;(X) used above. For example, the regular
distribution determined by the locally integrable function f : R — R, given by f(¢) := 1
for £ < 0 and f(t) := 0 for ¢ > 0, belongs to the space B! ;,(X) but not to the space
B', (X). Since for every fixed test function ¢ € D and for every real number i € R we
have

(T, (- = h)) = (T (= =h)) = (T, (- = h)),

it follows that T' € B’ (X) if and only if T' € B, ;(X) and T ¢ B, ((X). Therefore, [22,
Proposition 1| immediately implies the following result (see also [33, Proposition 10]):

Proposition 1. Suppose that T' € D}, (X). Then the following statements are equivalent:
(i) T e BL.(X);
(i) the restrictions of functions T x ¢ and T ¢ to the non-negative real axis belong
to the space Cy([0,00) : X) for all ¢ € D;

(iii) there exist an integer k € N and functions f; € Co(R : X) (0 < j < k) such that
_ Nk ().
T= Zj:() f]] )

(iv) there exists a sequence (T,,) in E'(X) which converges to T for topology of D7, (X).

2. c-Almost periodic type distributions
and asymptotically c-almost periodic type distributions

We start this section by introducing the following notion:

Definition 1. Let 7' € D'(X) and ¢ € C\ {0}.

(i) T is said to be a c-almost periodic (c-uniformly recurrent, semi-c-periodic)
distribution, (AP,.) ((UR.), (SAP.)) distribution in short, if and only if T'xp € AP (R :
X) (T+xp€eUR(R: X), Txpe SAP(R: X)) for all ¢ € D. By B)p_(X) (Byg (X),
B ,p. (X)) we denote the space of all c-almost periodic (c-uniformly recurrent, semi-c-
periodic) distributions;

(ii) T is said to be a (half-)asymptotically c-almost periodic ((half-)asymptotically
c-uniformly recurrent, (half-)asymptotically semi-c-periodic) distribution if and only if
the function T x ¢ is (half-)asymptotically c-almost periodic ((half-)asymptotically c-
uniformly recurrent, (half-)asymptotically semi-c-periodic) for all ¢ € D;

(i) T is said to be a (half-)asymptotically (Dy,c)-almost periodic
((half-)asymptotically (Do, ¢)-uniformly recurrent, (half-)asymptotically semi-(Dy, ¢)-
periodic) distribution if and only if the function 7 % ¢ is (half-)asymptotically
c-almost periodic ((half-)asymptotically c-uniformly recurrent, (half-)asymptotically
semi-c-periodic) for all ¢ € Dy.

Remark 1. In [14, Definition 2|, we have introduced the notion of a semi-Bloch k-
periodic function (k € R). The class of semi-Bloch k-periodic distributions can be also
introduced but we will skip all related details concerning this notion for simplicity.

All distribution spaces introduced in Definition 1 are closed under differentiation. It
is also clear that, if 7" € D’(X) belongs to any of the spaces introduced above, then the
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distribution o' belongs to the same space, where a € C and (a7, ¢) := (T, ap), ¢ € D;
but, if ¢ # 1, then the spaces of c-almost periodic functions (c-uniformly recurrent
functions, semi-c-periodic functions) are not closed under pointwise addition, which
continues to hold for corresponding distribution spaces. Further on, since every c-almost
periodic (semi-c-periodic) function is almost periodic and therefore bounded continuous,
an application of [21, Theorem 1.1] shows that any c-almost periodic (semi-c-periodic)
distribution is a bounded distribution. This is no longer true for the c-uniformly recurrent
distributions because there exists an unbounded uniformly recurrent function [35] and
therefore the regular distribution determined by this function is a uniformly recurrent
distribution which is not a bounded distribution (¢ = 1).
We continue by stating the following:

Proposition 2. Suppose that T is a c-uniformly recurrent distribution and ¢ € C\{0}
satisfies |c| # 1. Then T = 0.

Proof. By definition, we have T'x ¢ € UR.(R : X) for all ¢ € D. Since |c| # 1,
Proposition 2.6 from [17] yields that T % ¢ = 0 for all ¢ € D. This immediately implies
T7=0.0

A distribution T' € D'(X) is called c-periodic if and only if T'x ¢ € P.(R : X) for all
v € D. Keeping in mind Lemma 1, we can similarly prove the following:

Proposition 3. Suppose that T is a semi-c-periodic distribution and ¢ € C\{0} satisfies
lc| # 1. Then T is c-periodic.

Keeping in mind Proposition 2 and Proposition 3, it seems reasonable to impose the
following condition:

BLANK HYPOTHESIS. Unless stated otherwise, we will always assume henceforth
that ¢ € C and |c| = 1.

Now we will state and prove the following proposition:

Proposition 4. The following statements are equivalent:
(i) T € Byp (X) (T € By (X), T € Byap,(X));
(i) T € Dyp, (X) (T € Dy, (X), T € Diyap, (X)).

Proof. Clearly, it suffices to show that (i) implies (ii). We will do that only for c-almost
periodicity. Let ¢ € D be fixed; we need to show that 7'« ¢ € APy ,.(R : X). Keeping
in mind [17, Proposition 2.7], it suffices to show that

Txe=Tx¢p, ¢eD. (2)

To prove this equality, fix a real number ¢ € R. Then (2) follows from the next simple
computations:

(T ) (1) = (Top(t =) = (Tt =) = (T, 0(t +)),

Txp(t) = (T @) (=t) = (T.@(—t =) =(Tp(t — 1)) = (T, o[t +)).

We continue by observing that [17, Proposition 2.8, Proposition 2.9] directly imply
the following: if T € B)p (X) (I' € Byi.(X), T € Bgyp (X)), then |[T x| : I —
[0,00) is almost periodic (uniformly recurrent, semi-periodic) for all ¢ € D as well
as T € B;lpcl (X) (T € B{]Rcl (X), T € B'/SAPCZ (X)) for any positive integer | € N.
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Furthermore, [17, Corollary 2.10, Proposition 2.11, Proposition 2.12| directly imply the
following:

(i) suppose that p € Z\{0}, ¢ € N, (p,q) = 1 and arg(c) = pr/q and T' € B/;p (X)
(T € Byp,(X), T € Bgyp,(X));

(a) if p is even, then T' € B p(X) (T € By r(X), T € By, p(X));
(b) if p is odd, then T is almost anti-periodic (uniformly anti-recurrent, semi-
anti-periodic) distribution;

(ii) suppose that arg(c)/m ¢ Q and T € B/yp (X), then T' € B/jp (X) for all ¢’ €
Si={z€C:|z|=1}; ’

(iii) suppose that arg(c)/m € Q and T € By,p (X), then T" € B)p (X) for all ¢’ €
{c:1eN}.
(iv) suppose that arg(c)/m ¢ Q and T' € By ,p (X), then T € Bjp (X) for all ¢ € 5.
The following statements known for functions can be simply deduced for
distributions, as well (see [17, Example 2.22| for more details):

(i) suppose that ¢ = 1. Then the set consisting of all c-almost periodic distributions
is a vector space together with the usual operations, while the set consisting
of c-uniformly recurrent distributions and the set consisting of semi-c-periodic
distributions are not vector spaces together with the usual operations;

(ii) suppose that ¢ # 1. Then the set consisting of all c-almost periodic (c-uniformly
recurrent, semi-c-periodic) distributions is not a vector space together with the
usual operations.

In [17, Example 2.23], we have considered the pointwise products of c-almost periodic
type functions with the scalar-valued functions. It is worthwhile to mention that all
established statements can be reformulated for the pointwise products of c-almost
periodic type distributions with the scalar-valued infinitely differentiable functions;
concerning Stepanov classes of c-almost periodic type functions, it should be noticed
that [18, Proposition 1| continues to hold in our new framework. Details can be left to
the interested readers.

We proceed by stating the following simple result:

Proposition 5. Let h € R, b € R\ {0} and T € B)p (X) (I' € Byp (X), T €
Byp,(X)). Then:
(i) any translation Ty, of T € B)p (X) (I € Byg (X), T € Bg,p. (X)) belongs to
Biyp (X) (Byg.(X), Boap,(X));
(ii) define the distribution Tb by (Tb,p) = (T, (b)), ¢ € D. Then Tb € Bp (X)
(Tb € Byg (X), Tb € Bgyp (X)).
Proof. We Wﬂl prove the proposition only for c-almost periodicity. To show (i), suppose
that 7' € B)p_(X) and ¢ € D. Then we know that T'x o € AP.(I : X). Due to the first
part of [17, Theorem 2.13(iv)|, the above implies that the function  — (T, p(z+h—")),
x € R is c-almost periodic (c-uniformly recurrent, semi-c-periodic). Now the conclusion
follows from the calculation

(Th*tp) <Th,gpx— >—<Th, )>:<T,gp($+h—-)>, x € R.

To show (ii), define the test function ©°(+) by ¢°(t) := ¢(bt), t € R. Then G° := T x ©° €
AP.(R : X) and the required conclusion follows from the second part of [17, Theorem
2.13(iv)] and the calculation

(Tb*go)( :<Tb,<pt—->:<T t—b>
= (T, p(b((t/b) — ) = (T, &"((t/b) — -)) = G*(t/b), tER.
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The following result is a distributional analogue of [17, Proposition 2.18]:
Proposition 6. Let T' € Byp (X) (T € Bgyp, (X)) and T # 0. Then T ¢ B', ((X).

Proof. Since T # 0, there exists ¢ € D such that T x ¢ # 0. Clearly, T x ¢ is a ¢
uniformly recurrent function (semi-c-periodic function), so that [17, Proposition 2.18§]
implies T'* ¢ ¢ Co(R : X). Assume to the contrary that 7' € B ;(X). Then we have

(T @)(t) = (T, (- —t)) = 0 as t — 400,
which is a contradiction. O
The following result will be important in our further analyses:

Theorem 5. Suppose that there exist an integer k € N and c-almost periodic (c-
uniformly recurrent, semi-c-periodic) functions f; : R — X (0 < j < k) such that
the function

t= f(t) = (fo®), - fult), tER (3)

is c-almost periodic (c-uniformly recurrent, semi-c-periodic). Define T = Z?:o f;j).
Then T € B)yp (X) (T € Byy (X), T € Bg,p.(X)).

Proof. We will prove the theorem only for c-almost periodicity because the proofs for c-
uniform recurrence and semi-c-periodicity are quite analogous. It is clear that 7' € D’(X)
as well as that (1) yields that for each ¢ € D and ¢ € R we have:

ko oo
(T ) (t) = (T, p(t —)) = > ) PV (t =) fi(v) dv =
ko optoo ’
=2 | Pt -v)dv. (4)

Let € > 0 be given. Then the set 0.(f,¢) is relatively dense in [0, 00); let 7 € 0.(f,¢) be
arbitrary. Then the above computation shows that

I @)+ 1) =T O <3 [ |0 it +7-0) = esite = )] v <

‘ap(j)(v)’ dv, €D, teR,

which simply implies the required statement. O

The following counterexample demonstrates the fact that Theorem 5 does not
generally hold if the function f(-), defined by (3), is not c-almost periodic (c-uniformly
recurrent, semi-c-periodic); we will provide a direct non-trivial calculation showing this:

Example 1. Suppose that ¢ = —1, k = 1, fo(t) = cost and fi(t) = cos(2t) for
all t € R. Then the function f(-), defined by (3), is not almost anti-periodic (see
[36, Example 2.2(ii)]) and we have

+o0 +o0
(T, ) = / (v) cosvdv — / ¢'(v) cos(2v) dv, ¢ € D.

oo —00
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Due to (4), we have:
+oo

(T*@)t+71)+ (T*p)(t) = / @(v)[cos(t + T — v) + cos(t — v)] dv+

—00

+/_ ) ¢'(v)[cos(2(t + 7 — v)) + cos(2(t —v))]dv, ¢ €D, teR.

Applying the partial integration, the above implies
(T x )t +7)+ (T'xp)(t) =

= /_ h o(v) [cos(t +7 —v) 4 cos(t —v) — 2sin(2(t + 7 —v)) — 2sin(2(t — v))] dv, (5)

for any ¢ € D and t € R. Suppose that ¢ € D is non-negative and its support belongs
to the interval [1/6,1/4] C [0,1/4] as well as that

1/4
0<e< / ¢(v) min((sinv)/2, cos v, 2sin(2v)) dv (6)
0
and
2 [1/4 1 1 1 [
0<5<§/0 go(v)dv'sin(g—§>, 0<5<2sinﬁ~cosz/0 e()dv.  (7)

We will prove that the set _1(T * p,¢) is empty in the following, a rather technical,
way. Suppose to the contrary that 7 € 6_1(T * p, ). Then (5) implies

/O 1/4@(1;) [cos(t 47— )+ cos(t — v) — 28in(2(t + 7 — v)) — 2sin(2(t — v))} dv| <= (8)
for all t € R. Plugging t = —7, t = 7 — 7 and ¢ = (x/2) — 7 in (8), we get:
/0 Y o) [cos(v) + cos(r +v) +2sin(20) + 2sin(2(r +0)| do| <=, (9)
/0 Y o) [~ cos(u) — cos(r +v) + 2sin(20) + 2sin(2(r +v))| dv| <= (10)
and
/01/4 o(v) [sin(v) +sin(T + v) — 2sin(2v) — 2sin(2(r + v))} do| <e, (11
respectively. Adding and subtracting of (9) and (10), we get:
/O Y o) [cos(v) +cos(r +0)] | < & (12)
and
/O Y o) sin(20) + sin(2(7 + v)] do| < </2. (13)
respectively. Inserting (13) in (11), we get
/0 v o(v) [sm(v) +sin(T + v)} dol < 2. (14)
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Further on, there exist £ € NU{—1,0} and a € [0,27) such that 7 = (2k + 1)7 + a.
Then (12)—(14) gives

1/4
/0 o(v) [cos(v) — cos(v + a)] dv| < g, (15)

1/4
/0 o(v) [sin(2v) + sin(2a + 211)} dv| <e/2 (16)

and

1/4
/0 o(v) [sin(v) — sin(v + a)} dv| < 2e. (17)

Ifa € [0,(r/2)—(1/4)], then 2a+2v € [0,7/2] for all v € [0,1/4] and the contradiction is
obvious due to our choice of number ¢ in (6) and the estimate (16); if a € [7, 2m—(1/4)],
then a+v € [m, 27] for all v € [0, 1/4] and the contradiction is obvious due to our choice of
number ¢ in (6) and the estimate (17). Further on, if a € [7/2, 7], then a+v € [7/2,37/2]
for all v € [0,1/4] and the contradiction is obvious due to our choice of number ¢ in
(6) and the estimate (15). If a € [(7/2) — (1/4),7/2], then the estimates (15) and (17)

imply

1/4
/0 () sin(v + (a/2) - sin(a/2) dv| < /2

and

1/4
/0 o(v) cos(v + (a/2)) - sin(a/2) dv

<e,

respectively. By adding, we get

1/4
/0 o(v) [sin(v + (a/2)) + cos(v + (a/2))] dv <;g. fsin(a/2)] "

ool

2 sm(% —

)

which is a contradiction due to our choice of ¢ in (7) and the fact that a+v < (7 +
for all v € [0,1/4] and therefore sin(v + (a/2)) + cos(v + (a/2)) > 1 for all v € [0,
Finally, if a € [27 — (1/4), 27), then

/01/4 o(v) [sin(?v) + sin(2a + 21))} dv =2 /01/4 ©(v) sin(2v + a) - cos(a) dv

/4
4

1)
1/4].

1/4 1 K
= 2/ (v)sin(2v + a) - cos(a) dv > 2sin — - cos —/ o(v) dv,
1/6 12 4 Jo
which contradicts the second inequality in (7).
We continue by stating the following structural characterization of space B/ p_(X)
(Byg,(X), Boap,(X)):

Theorem 7. Let T € Byp (X) (T € By (X), T € Byyp (X)) and let T' be a bounded
distribution. Then there exist an integer p € N and a c-almost periodic (bounded c-
uniformly recurrent, semi-c-periodic) function F': R — X such that

T é(_l)j (é’) i) (18)
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in the distributional sense.

Proof. The proof essentially follows from the argumentation contained in the proof of
[31, Theorem 1]; we will only outline the main details for c-almost periodicity because
the proofs for c-uniform recurrence and semi-c-periodicity are quite analogous. Let us
consider a fundamental solution G of the differential operator (1 —d?/dz?)P for a certain
sufficiently large natural number p € N depending on 7. By the proof of the above-
mentioned theorem, we have that the convolution F' := T x G exists as a continuous
function and (18) holds in the distributional sense; furthermore, there exists a sequence
(pr) in D such that limy_, (T * @r)(t) = F(t), uniformly in ¢ € R. Since for each
integer k € N the function (7" * ¢y )(+) is c-almost periodic (apply also |21, Theorem 1.1]
for c-uniform recurrence), an application of [17, Theorem 2.13(iii)| shows that F(-) is
c-almost periodic, as well. This completes the proof. O

Now we are able to formulate and prove the following result:

Theorem 9. Suppose that T' € D} ,(X). Then the following statements are equivalent:
(i) we have T' € B)p (X) (T € Byg (X), T € Byyp (X));

(ii) there exist an integer p € N and a c-almost periodic (bounded c-uniformly
recurrent, semi-c-periodic) function F : R — X such that (18) holds in the
distributional sense;

(iii) there exist an integer k € N and c-almost periodic (bounded c-uniformly recurrent,
semi-c-periodic) functions f; : R — X (0 < j < k) such that the function f(-),
defined through (3), is c-almost periodic (c-uniformly recurrent, semi-c-periodic)
and T = Z?:o f](j);

(iv) there exists a sequence (T,,) of c-almost periodic functions (bounded c-uniformly
recurrent functions, semi-c-periodic functions) from E(X) such that lim, . T, =
T in D, (X).

Proof. The implication (i) = (ii) is proved in Theorem 7, while the implication (ii) = (iii)

is trivial. The implication (iii) = (i) follows from Theorem 5; therefore, we have proved
the equivalence of statements (i), (ii) and (iii). Their equivalence with (iv) essentially

follows from the argumentation contained in the proof of [31, Proposition 7|; see also
the proof of Theorem 11 below. O

As a direct consequence of Theorem 9 (see also [18, Remark 1(ii)]), we have the
following:

Corollary 1. Let (T,) be a sequence in Byp (X) (Byg (X) N D (X), Byyp (X)),
and let lim, o T,, = T in D}, (X). Then T € B)p (X) (T' € Byg (X) N D} (X),
T € Bgap,(X)).

For the sequel, we need the following definition:

Definition 2. Suppose that 7' € D'(X).

(i) We say that 7 is an asymptotically c-almost periodic distribution of type
1 (asymptotically c-uniformly recurrent distribution of type 1, asymptotically
semi-c-periodic distribution of type 1) if and only if there exist a c-almost
periodic (c-uniformly recurrent, semi-c-periodic) distribution Ty, € Bljp (X)),
(Ture € Byp (X)), Tsape € Bgap. (X)) and a distribution @ € B’ (X) such
that <T> 90> = <Tapca90> + <Qv§0>’ ¢ € D, <<T7 90> = <Turca90> + <Q,SD>, ¢ € D,
(T, ¢) = (Tsape, ) + (Q. ), » € D).
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(ii) We say that 7" is an asymptotically (Dy, ¢)-almost periodic distribution of type 1
(asymptotically (Dy, ¢)-uniformly recurrent distribution of type 1, asymptotically
semi-(Dy, ¢)-periodic distribution of type 1) if and only if there exist a c-almost
periodic (c-uniformly recurrent, semi-c-periodic) distribution Ty, € Bljp (X)),
(Ture € Byg (X), Teape € Bgyp, (X)) and a distribution @ € B (X) such that
(T, ) = (Taperp) + (Q,0), ¢ € Do, ((T,0) = (Ture,p) + (Q,0), ¢ € Dy,
<T7 S0> = <Tsapc> 30> + <Qv ‘10>a Y E DO)

Remark 2. Concerning Definition 2 (ii), it should be noted that it is completely
irrelevant whether we will write @ € B!, (X) or Q € B, ((X) here because any element
Q € B 4(X) can be extended to an element Qe B!, (X) by the formula Q:=F-Q,
where F' € C*(R) is any fixed function satisfying F'(t) = 1 for all ¢ > 0 and F(t) =0
for all t < —1.

Remark 3. We note that the decompositions in Definition 2 are unique in the case
of consideration of c-almost periodicity (semi-c-periodicity) because they are unique for
almost periodicity [18].

Now we will prove the following asymptotical analogue of Theorem 9, which gives
some new insights at the assertion of [18, Theorem 1] and [33, Theorem 2| (in the last
mentioned theorem, C. Bouzar and F. Z. Tchouar have recently established a structural
characterization for the space of asymptotically almost automorphic distributions
following the approach of I. Cioranescu from [22] (see also [18, Theorem 2]); our novelty
here is the use of approach obeyed in the proof of [31, Proposition 7|, with a direct proof
of implication (i) = (ii) and a new characterization (iii) for the class of vector-valued
asymptotically almost automorphic distributions):

Theorem 11. Suppose that T € D}, (X). Then the following statements are equivalent:

(i) T s (half-)asymptotically (Do, c)-almost periodic ((half-)asymptotically semi-
(Dy, ¢)-periodic);

(ii) T is (half-)asymptotically c-almost periodic ((half-) asymptotically semi-c-periodic);

(iii) there exist an integer p € N and a bounded (half-)asymptotically c-almost periodic
(bounded (half-) asymptotically semi-c-periodic) function F' : R — X such that (18)
holds in the distributional sense;

(iii)’ there exist an integer p € N and a bounded (half-) asymptotically c-almost periodic
(bounded (half-) asymptotically semi-c-periodic) function F : R — X such that (18)
holds in the distributional sense ((18) holds in the distributional sense on [0,00));

(iv) there exist an integer k € N and bounded (half-) asymptotically c-almost periodic
(bounded (half-) asymptotically semi-c-periodic) functions f; - R — X (0 < j <k)
such that the function f(-), defined through (3), is (half-)asymptotically c-almost
periodic ((half-) asymptotically semi-c-periodic) and T = Z?:o f;j);

(iv)’ there exist an integer k € N and bounded (half-) asymptotically c-almost periodic
(bounded (half-)asymptotically semi-c-periodic) functions f; : R — X (0 < j < k)
such that the function f(-), defined through (3), is (half-)asymptotically c-almost
periodic ((half-) asymptotically semi-c-periodic) and T = Z?:o f](]) (T = Z?:o f;j)
on [0,00));

(v) T is an asymptotically c-almost periodic distribution of type 1 (asymptotically semi-
c-periodic distribution of type 1), in the case of consideration of asymptotical c-
almost periodicity (asymptotical semi-c-periodicity), resp. T is an asymptotically
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(Do, ¢)-almost periodic distribution of type 1 (asymptotically semi-(Dy, c)—periodic
distribution of type 1), in the case of consideration of half-asymptotical c-almost
periodicity (half-asymptotical semi-c-periodicity);

(vi) there exists a sequence (T,,) of bounded (half-)asymptotically c-almost periodic
functions (bounded (half-)asymptotically semi-c-periodic functions) from E(X)
such that lim,,_,o T, = T in D}, (X).

Proof. We will prove the implication (i) = (ii) only for half-asymptotical (D, ¢)-almost

periodicity. Let ¢ € D be given and let supp(¢) C [a,b]. If @ > 0, then ¢ € Dy and

therefore the function 7' x ¢ is half-asymptotically c-almost periodic, as required. If

a < 0, then we consider the function ¢,(:) := (- + a) € Dy. Since the convolution

mapping is translation invariant, we have that the function (7" % ¢).(-) = (T * ,)(-) is

half-asymptotically c-almost periodic, so that there exist a c-almost periodic function

g : R — X and a function h € Cy([0,00) : X) such that (T * ¢),(t) = (T * pa)(t) =

g(t) 4+ h(t) for all t > 0. This implies (T * p)(t) = g(t — a) + h(t — a) := ga(t) + ha(t),

t > a. It is clear that the restriction of function h,(-) to the non-negative real axis

belongs to the space Cy([0,00) : X), so that the statement (ii) follows by applying

[17, Theorem 2.13(iv)] with I = [0,00) and the number a replaced therein with the

number —a > 0. The implication (ii) = (iii) can be proved following the lines of proof of

Theorem 9; we will use the same notation. As in the proof of the above-mentioned result,

we have that limy_,, o (T * @) (t) = F(t), uniformly in ¢ € R; due to |21, Theorem 1.1],

the function F'(-) is bounded. In the newly arisen situation, the function (7" * ¢y)(-) is

(half-)asymptotically c-almost periodic ((half-)asymptotically semi-c-periodic) for all

integers k € N. Therefore, there exist a c-almost periodic function (semi-c-periodic

function) g, : R — X and a function hy € Co(R : X), resp. hy € Cp([0,00) : X),

such that (T * ¢i)(t) = gx(t) + hi(t), t € R, resp. (T * @) (t) = gr(t) + he(t), t > 0

(k € N). Since for each integer k € N the function gi(-) is almost periodic, the use of

Lemma 2 yields that there exists an almost periodic function g : R — X and a function

¢ € Co(R : X), resp. ¢ € Cp([0,00) : X), such that F(t) = g(t) + ¢(t) for all t € R,

resp. F'(t) = g(t) + ¢(t) for all ¢ > 0. But, the argumentation contained in the proofs of

[9, Theorem 3.36, Theorem 3.47; pp. 97-98| also shows that the sequence of functions (gx)

converges to the function ¢(-), uniformly on R. Since for each integer k£ € N the function

gk(+) is c-almost periodic (semi-c-periodic), an application of [17, Theorem 2.13(iii)]

shows that the function ¢(-) is also c-almost periodic (semi-c-periodic). This implies

(iii). The implications (iii) = (iv) = (iv)’ are trivial. We will prove that (iv)’ implies

(v) only for half-asymptotical c-almost periodicity. It simply follows that there exist

c-almost periodic functions g; : R — X and functions h; € Cy([0,00) : X) (0 < j < k)

such that the function t +— (go(t),- - -, gr(t)), t € R is c-almost periodic as well as that

fi(t) = g;(t) + h;(t) for all t > 0. Define Ty, € B'yp (X) by
k

Toeli)i= (-1 [ Ol 0)dv, peD
=0 —o0
(see Theorem 5) and
Q) =317 [ Ol e,
j=0 oo

where h§(-) denotes the even extension of the function h;(-) to the whole real axis. It is
clear that we have (T, ¢) = (Tope, 0) +(Q, ¥), ¢ € Dy. In order to see that Q € B/ (X),
it suffices to observe that, for every test function ¢ € D with supp(p) C [a, b], we have
that
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(@, ¢l Z/ (W)hS(v+h)dv, peD, heR

and therefore limp,100(@, (- — h)) = 0, ¢ € D. In order to see that (v) implies
(i), it suffices to repeat verbatim the argumentation given in [18, Remark 2|. We will
prove that (vi) implies (i) only for half-asymptotical c-almost periodicity. Using the
argumentation contained in the proof of [31, Proposition 7], it suffices to show that,
for every fixed function ¢ € D with supp(¢) C [0,b] and for every fixed bounded half-
asymptotically c-almost periodic function f : R — X, the function ¢ * f is bounded
and half-asymptotically c-almost periodic. This is clear for boundedness; in order to see
that the function ¢ * f is half-asymptotically c-almost periodic, we can argue as follows.
Let g : R — X be a c-almost periodic function and let h € Cy([0,00) : X) such that
f(t) = g(t) + h(t) for all t > 0. Then we have

+o00 b
(D)= [ et =s)ds+ [ phit—s)ds 2
—00 0
so that the final conclusion follows from the fact that the space consisting of all c-almost
periodic functions is convolution invariant as well as that the function

+00
o (o= [ el = s)ds, 120

belongs to the class Cy([0,00) : X), which a simple consequence of the last equality.
The implication (i) = (vi) follows directly from the corresponding part of the proof
of [31, Proposition 7|. Therefore, we have proved the equivalence of all statements (i)
(vi). Since (iii)’ implies (iv)” and (iv)’ implies (v), we have that (iii)” or (iv)’ implies all
other statements (i)—(vi). On the other hand, it is clear that (iii) implies (iii)’, finishing
the proof. O

Corollary 2. Let (T,) be a sequence of bounded (half-)asymptotically c-almost
periodic ((half-)asymptotically semi-c-periodic) distributions, and let lim, o T,, = T in
D}, (X). Then T is (half-)asymptotically c-almost periodic ((half-)asymptotically semi-
c-periodic).

Remark 4.

(i) It is worth noting that the implications (i) = (ii) and (iii) = (iv) = (v) = (i) and
the equivalence (vi) < (i) can be formulated for bounded (half-)asymptotically
c-uniformly recurrent functions, but it is not clear how one can prove that (ii)
implies (iii) in this framework.

(ii) Using the idea from the proof of implication (i) = (ii) of Theorem 11, we
may conclude that a distribution 7" € D'(X) is e-periodic (c-almost periodic, c-
uniformly recurrent, semi-c-periodic) if and only if the function 7" ¢ is c-periodic
(c-almost periodic, c-uniformly recurrent, semi-c-periodic) for all ¢ € Dy.

(iii) If ¢ # 1, then it is not clear how we can introduce and analyze the classes of
c-almost automorphic functions and c-almost automorphic distributions.

3. An application

Let n € N, and let A = [a;j]1<; j<n be a given complex matrix such that o(A) C
{z € C: Re z < 0}. Following the analysis of C. Bouzar and M.T. Khalladi 28], we will
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provide here a small application in the analysis of the existence of half-asymptotically
c-almost periodic (half-asymptotically semi-c-periodic) solutions of equation

T"=AT+ G, TeD'(X") on [0,00), (19)

where G is a half-asymptotically c-almost periodic (half-asymptotically semi-c-periodic)
X"-valued distribution. By a solution of (19), we mean any element 7' € D'(X™)
such that (19) holds in the distributional sense on [0,00). Since the spaces of half-
asymptotically c-almost periodic (half-asymptotically semi-c-periodic) distributions are
not closed under the pointwise addition of functions, some obvious unpleasant difficulties
occur in the case that ¢ # 1. In the one-dimensional case, these difficulties can be
overcomed, fortunately:

Theorem 13. Suppose that F is a half-asymptotically c-almost periodic (half-
asymptotically semi-c-periodic) distribution, n = 1 and ay; = N < 0. Then
there exists a half-asymptotically c-almost periodic (half-asymptotically semi-c-periodic)
distributional solution of (19). Furthermore, any distributional solution T of (19) is
half-asymptotically c-almost periodic (half-asymptotically semi-c-periodic).

Proof. By Theorem 11, we know that there exist an integer p € N and a bounded half-
asymptotically c-almost periodic (bounded half-asymptotically semi-c-periodic) function
F : R — X such that (18) holds in the distributional sense, with 7" replaced with G
therein. By the proof of [18, Theorem 4], given in the ultradistributional case, we get the
existence of a positive integer m € N, continuous functions Fj : [0,00) = X (0 < j < m)
and a function @ € Cy([0, 00) : X) such that any function Fj(-) has the form

t
Fi(t) = c1;(N)F(t) + CQJ(}\)/ AP (s)ds, t >0,
0

for certain complex numbers ¢; ;(A) and ¢z (A) (0 < j < m)and T'=Q + 37", Fj(j)
on [0,00). By the proofs of [10, Proposition 2.6.11] and [8, Lemma 4.1] (see also
[17, Proposition 2.32]), we have that the function ¢t — (Fy(t),- - -, F(t)), t > 0 is half-
asymptotically c-almost periodic (half-asymptotically semi-c-periodic) so that it can be

uniquely extended to a half-asymptotically c-almost periodic (half-asymptotically semi-
c-periodic) function t — (Fy(t),- - -, Fiu(t)), t € R due to [17, Proposition 2.25|. Define

To =37 F~’j(]) and T} := Q., where (), denotes the even extension of function Q(-) to
the whole real axis. Then 7' = Ty + 17 on [0,00), T is c-almost periodic (semi-c-periodic)
and Ty € B’ (X), so that T is half-asymptotically c-almost periodic (half-asymptotically
semi-c-periodic). The existence of solutions is proved in a similar fashion. O

Unfortunately, the use of |28, Lemma 1| and the arguments contained in the proof
of |28, Theorem 3, pp. 117-118] do not enable us to extend Theorem 13 to the multi-
dimensional case. Keeping in mind the proofs of [18, Theorem 4| and Theorem 13, we
can only prove the following:

Theorem 15. Let there exist an integer m € N and half-asymptotically c-almost periodic
(half-asymptotically semi-c-periodic) X"™-valued functions G;(-) (0 < j < m) such that
G=>" Gy) on [0,00). Then there exists a solution T of (19) which has the same
form as G; furthermore, any distributional solution T' of (19) has the same form as G
(with the meaning clear).

We close the paper with the observation that the various classes of c-periodic type
(ultra-)distributions and various classes of c-almost periodic (ultra-)distributions will be
considered somewhere else.
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