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We formulate and study a nonlocal problem with a special matching conditions and shift
conditions for a parabolic-hyperbolic equation. Using the theory of integral equations we
established the unique solvability of the considered problem.
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1. Introduction
The interest that arose in the first quarter of the last century in the theory of

equations of mixed type has not diminished to this day. On the contrary, it is intensively
developing in various directions, both in terms of the equations themselves and the
range of problems considered for them, as well as the domain of consideration. While
initially the focus was on problems for equations of mixed elliptic-hyperbolic type, since
the 1960s, research has expanded to include equations of mixed elliptic-parabolic and
parabolic-hyperbolic types.

The necessity of considering conjugation problems, where a parabolic equation is
defined on one part of the domain and a hyperbolic equation on another, was first
pointed out by I.M. Gelfand [1]. He discusses an example related to the motion of gas in
a channel surrounded by a porous medium: in this case, the gas motion in the channel is
described by the wave equation, while outside the channel, it is described by the diffusion
equation. Y.A. Ufliand, in his article [2], describes the problem of the propagation of
electric oscillations in composite lines, where on the section 0 < x < l of the semi-
infinite line, losses are neglected, and the rest of the line is considered as a cable without
leakage. As a result, he arrives at a problem for a parabolic-hyperbolic equation in the
first quadrant of the plane.

Further research has also shown that many mathematical models of heat and mass
transfer in capillary-porous media [3], electromagnetic field propagation in heterogeneous
media [4], temperature field formation [5], and the motion of viscoelastic and viscous
fluids [6] reduce to boundary value problems for equations of parabolic-hyperbolic type.

The first works dedicated to the study of boundary and initial-boundary problems
for parabolo-hyperbolic equations are [7–10]. However, recently, researchers have
increasingly focused on the formulation and study of non-local boundary problems with
conditions similar to Frankl’s conditions [11], Bitsadze–Samarski’s conditions [12], shift
conditions [13; 14], and integral conditions [15; 16]. For more information about non-local
problems for equations of both integer and fractional order, we refer the reader to the
references [17–20] and the references therein.

The relevance of studying such problems can be justified both by the internal need
for theoretical generalizations of classical boundary problems for partial differential
equations and by their practical applications. Moreover, the naturalness of formulating
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problems where the boundary conditions represent relationships between the values of
the unknown function computed at different points on the boundary was noted as early
as 1896 by V.A. Steklov. Such boundary conditions also arise in mathematical modeling
of problems in gas dynamics, plasma theory, laser radiation, and cell proliferation
processes [21].

2. Preliminaries
In this section, we give the definitions and some properties of the some operators

which will be used the throughout of the paper.
Let Γ(z) be the Euler gamma function, and ω = const 6= −1,−2, . . . Then the

following series
∞∑
k=0

(−1)k(z/2)2k+ω

k! Γ(k + ω + 1)

converges for every z ∈ R. Typically, the sum of this series is denoted by Jω(z) and is
called the Bessel function of the first kind of order ω.

The function Jω(z) has the following integral representation [22]:

Jω(z) =
(z/2)ω√

πΓ(ω + 1/2)

1∫
−1

(1− ξ2)
ω−(1/2)

cos(ξz) dξ, Reω > −1/2. (1)

The function defined by the equality J̄ω(z) = Γ(ω+ 1)(z/2)−ωJω(z) is called the Bessel–
Clifford function. It is evident that J̄ω(z) is an analytic function and J̄ω(0) = 1.

Let a, b,m be be some real numbers, and λ be, in general, a complex number, where
a < b < +∞ and m ∈ [a, b]. Consider the following operators, introduced and studied
in [23]:

An,λmx [f(x)] ≡ f(x)−
x∫

m

f(t)

(
t−m
x−m

)n
∂

∂t
J0[λ

√
(x−m)(x− t) ]dt, (2)

Bn,λ
mx [f(x)] ≡ f(x) +

x∫
m

f(t)

(
x−m
t−m

)1−n
∂

∂x
J0[λ

√
(t−m)(t− x) ]dt, (3)

C0,λ
mx [g(x)] ≡ sign(x−m)

 d

dx
g(x) +

1

2
λ2

x∫
m

g(t)J̄1 [λ(x− t)] dt

 , (4)

where n = 0, 1, f(x) and g(x) are given functions, f(x) ∈ C (a, b) ∩ L (a, b) and g(x) ∈
C1 (a, b) ∩ L (a, b) , with L(a, b) denoting the space of integrable functions on (a, b).

In the work [23], the validity of the following theorems was proved:

Theorem 1. [23]. If f(x) ∈ C(a, b) ∩ L(a, b), then for all m ∈ [a, b] and x ∈ (a, b), the
following equalities hold:

An,λmx
{
Bn,λ
mx [f(x)]

}
= f(x), Bn,λ

mx

{
An,λmx [f(x)]

}
= f(x). (5)

Theorem 2. [23]. If f(x) ∈ C(a, b) ∩ L(a, b), then for all m ∈ [a, b] and x ∈ (a, b), the
following equality holds:

A0,λ
mx


x∫

m

B1,λ
mt [f(t)] dt

 =

x∫
m

f(t)J0 [λ(x− t)] dt. (6)
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Theorem 3. [23]. If f(x) ∈ C1(a, b)∩L(a, b), then for all m ∈ [a, b] and x ∈ (a, b), the
following equality holds:

A1,λ
mx

{
d

dx
B0,λ
mx[f(x)]

}
= sign(x−m)C0,λ

mx [f(x)] . (7)

Theorem 4. [23]. If f(x) ∈ C1(a, b) ∩ L(a, b), then the following equality holds:

x∫
k

f(t) J0

[
λ2

√
(t− k)(t− x)

]
dt =

x∫
k

B1,λ
kx [f(t)] dt, k, λ = const. (8)

3. Formulation of the problem
Let G be a finite, simply connected

domain in the plane xOy, bounded by
the following line segments: AA∗ =
{(x, y) : x − y = 1, 0 6 x 6 1},
A∗E∗ = {(x, y) : y = −1,−1 6 x 6 0},
E∗B∗ = {(x, y) : x = −1,−1 6 y 6 0},
B∗B = {(x, y) : x− y = −1, 0 6 y 6 1},
BE = {(x, y) : y = 1, 0 6 x 6 1},
EA = {(x, y) : x = 1, 0 6 y 6 1}.

Let us introduce notations: D =
G ∩ (x+ y > 0) , G0 = D ∩ (x > 0) ∩
(y > 0) , G1 = D ∩ (y < 0) , G2 =
D ∩ (x < 0) , D∗ and the domains
G∗0, G

∗
1, G

∗
2, symmetric to the domains D

and G0, G1, G2 respectively, with respect
to the line segment MK = {(x, y) : x+ y = 0,−1 6 x 6 1} ;

θ0 (t) = θ0 (t/2,−t/2) , θ1 (t) = θ1 ((t+ 1) /2,− (t− 1) /2) ,

θ2 (t) = θ2 (−t/2, t/2) , θ3 (t) = θ3 ((t− 1) /2,− (t+ 1) /2) .

In the domain G we consider the following equation

Lu(x, y) = 0, (9)

where

L ≡


∂2

∂x2
−H(−xy)

∂2

∂y2
−H(xy)

∂

∂y
− λ2(signy) in D \ (xy = 0),

∂2

∂y2
−H(−xy)

∂2

∂x2
+H(xy)

∂

∂x
+ λ2(signx) in D∗ \ (xy = 0),

λ is a given real number, H(z) is Heaviside function.
Equation (9) in the domain G belongs to mixed type, specifically, in the domains

G0, G∗0, the equation is of parabolic type, and in the domains Gj, G∗j , where j = 1, 2,
the equation is of hyperbolic type. The segments B∗A = {(x, 0) : −1 < x < 1} and
A∗B = {(0, y) : −1 < y < 1} are the lines of change of type, MK is the line of
discontinuity of the last coefficient of the equation.
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Definition 1. A regular solution in the domain D(D∗) of equation (9) will be
understood as a function

u(x, y) ∈ C(D) ∩ C2,1
x,y(G0) ∩ C2,2

x,y(G1 ∪G2)[
u(x, y) ∈ C(D∗) ∩ C1,2

x,y(G
∗
0) ∩ C2,2

x,y(G
∗
1 ∪G∗2)

]
,

which satisfies equation (9) in the domains G0, G1 и G2 (G∗0, G∗1 и G∗2) and at the
type-changing lines the following continuous gluing conditions

u(t,+0) = u(t,−0), u(+0, t) = u(−0, t), 0 6 t 6 1 (−1 6 t 6 0),

uy(t,+0) = uy(t,−0), ux(+0, t) = ux(−0, t), 0 < t < 1 (−1 < t < 0)

and such that the functions ux(t, 0), uy(t, 0), ux(0, t) and uy(0, t) are bounded as t→ 0
and t→ 1 (t→ −1 and t→ 0).

In the domain G, for equation (9), we will study the following problem:

Problem H. Find a function u (x, y) with the following properties:
1) u (x, y) ∈ C

(
D̄, D̄∗

)
∩ C1 (G\MK) is a regular solution in the domains D and

D∗ of the equation (9);
2) on the segment MK the following matching conditions are satisfied:

lim
y→−x+0

u (x, y) = q lim
y→−x−0

u (x, y) + p1 (x) , 0 6 x 6 1/2, (10)

lim
x→−y+0

u (x, y) = q lim
x→−y−0

u (x, y) + p2 (y) , 0 6 y 6 1/2; (11)

3) u (x, y) satisfies the following boundary conditions:

u |AE = ϕ (y) , 0 6 y 6 1, (12)

u |A∗E∗ = ϕ∗ (x) , −1 6 x 6 0, (13)

a1 (y)A0,λ
0y {u [θ2 (y)]}+ b1 (y)A0,λ

−1y {u [θ1 (y)]}+

+c1 (y)u (0, y) = d1 (y) , (0, y) ∈ A∗O, (14)

a2 (y)A0,λ
0y {u [θ2 (y)]}+ b2 (y)A0,λ

1y {u [θ3 (y)]}+

+c2 (y)u (0, y) = d2 (y) , (0, y) ∈ OB, (15)

where q 6= 0 is a given real number, ϕ (y), ϕ∗ (x), pj (t), aj (y), bj (y), cj (y), dj (y)
(j = 1, 2) are given functions such that ϕ (y), ϕ∗ (x) is continuously differentiable, and
pj (t), aj (y), bj (y), cj (y), dj (y) are twice continuously differentiable functions on their
domain of the definitions, and a2

j ([(−1)jy])+b2
j ([(−1)jy])+c2

j ([(−1)jy]) 6= 0, y ∈ [0, 1],
j = 1, 2; A0,λ

0y and A0,λ
1y are the operators defined by (2).

We will assume that the given functions satisfy the following conditions:

bj(0) = 0, aj[(−1)j] = 0, j = 1, 2; a1(y) 6= b1(y), y ∈ [−1, 0];

d2(0)[a2(0) + c2(0)]−1 − qd1(0)[a1(0) + c1(0)]−1 = p1(0) = p2(0),

d1(−1)[b1(−1) + c1(−1)]−1 = ϕ∗(0);

}
(16)

αj (x) 6= 0, β′j (x) 6 0, γ′j(x) > 0, x ∈ [0, 1], j = 1, 2, (17)

where
αj (x) = aj

[
(−1)jx

]
+ bj

[
(−1)jx

]
+ 2cj

[
(−1)jx

]
,

βj(x) = aj

[
(−1)jx

]
/αj(x), γj(x) = bj[(−1)jx]/αj(x).
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4. Auxiliary problem Γ

In the study of the problem H, the problem Γ is essentially used, which is the
determination of the regular solution in the domain D of the equation (9) that satisfies
the conditions (12), (15), and

a1 (−x)A0,λ
0x {u [θ0 (x)]}+ b1 (−x)A0,λ

1x {u [θ1 (x)]}+

+c1 (−x)u (x, 0) = d0(x), (x, 0) ∈ OA, (18)

where d0(x) is a given twice differentiable function.
Let u(x, y) be a solution of Problem Γ. Let us introduce the notations

u (x, 0) = τ1 (x) , 0 6 x 6 1; uy (x, 0) = ν1 (x) , 0 < x < 1;

u (0, y) = τ2 (y) , 0 6 y 6 1; ux (0, y) = ν2 (y) , 0 < y < 1.

We assume that τj (z) ∈ C [0, 1] ∩ C2 (0, 1) , νj (z) ∈ C1 (0, 1) , and τ ′j(z) and νj(z) are
bounded as z → 0 and z → 1, where j = 1, 2. If we assume that τj (z), νj (z) (j = 1, 2)
are temporarily known functions, then the solution to the equation (9) in the domains
G1 and G2 can be represented in the following forms [4]

u(x, y) =
1

2
[τ1(x+ y) + τ1(x− y)] +

1

2

x+y∫
x−y

ν1(t)J0

[
λ2

√
(x− t)2 − y2

]
dt+

+
1

4
λ2

2y

x+y∫
x−y

τ1(t) J̄1

[
λ2

√
(x− t)2 − y2

]
dt, (x, y) ∈ G1; (19)

u(x, y) =
1

2
[τ2(y + x) + τ2(y − x)] +

1

2

y+x∫
y−x

ν2(t)J0

[
λ2

√
(y − t)2 − x2

]
dt+

+
1

4
λ2

2x

y+x∫
y−x

τ2(t) J̄1

[
λ2

√
(y − t)2 − x2

]
dt, (x, y) ∈ G2. (20)

Using (19), after some computations, it is easy to verify that the following equalities
hold

u [θ0 (x)] =
1

2
τ1 (0) +

1

2
B0,λ

0x [τ1 (x)]− 1

2

x∫
0

ν1 (t)J0

[
λ
√
t (t− x)

]
dt,

u [θ1 (x)] =
1

2
τ1 (1) +

1

2
B0,λ

1x [τ1 (x)]− 1

2

1∫
x

ν1 (t)J0

[
λ
√

(1− t) (x− t)
]
dt,

where B0,λ
0x and B0,λ

1x are the operators defined by (3).
Applying to these equalities operators A0,λ

0x and A0,λ
1x respectively, and considering

(5), (8) and (6), we obtain

A0,λ
0x {u [θ0 (x)]} =

1

2
τ1 (0) J0 (λx) +

1

2
τ1 (x)− 1

2

x∫
0

ν1 (t)J0 [λ (x− t)] dt,

Челябинский физико-математический журнал.Том 1, выпуск 1.
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A0,λ
1x {u [θ1 (x)]} =

1

2
τ1 (1) J0 [λ (1− x)] +

1

2
τ1 (x)− 1

2

1∫
x

ν1 (t)J0 [λ (t− x)] dt.

Taking the last equalities into account and considering introduced notations, from
the condition(18), we have

α1 (x) τ1 (x) = 2d0 (x)− a1 (−x) τ1 (0) J0 (λx)−

−b1 (−x) τ1 (1) J0 [λ (1− x)] + a1 (−x)

x∫
0

ν1 (t) J0 [λ (x− t)] dt+

+b1 (−x)

1∫
x

ν1 (t) J0 [λ (t− x)] dt, 0 6 x 6 1. (21)

Equality (21) is a functional relation between the unknown functions τ1 (x) and ν1 (x)
which is brought from the G1, on the segment OA.

Similarly, using (20) and the condition (15), one can show the validity of the following
functional relation between unknown functions τ2 (x) and ν2 (x) which is brought from
the G2 on the segment OB:

α2 (x) τ2 (x) = 2d2 (x)− a2 (x) τ2 (0) J0 (λx)−

−b2 (x) τ2 (0) J0 [λ (1− x)] + a2 (x)

x∫
0

ν2 (t) J0 [λ (x− t)] dt+

+b2 (x)

1∫
x

ν2 (t)J0 [λ (t− x)] dt, 0 6 x 6 1, (22)

where y is re-denoted by x.
Putting the first x = 0, and then x = 1 in (21) and (22) and considering conditions

b1(0) = b2(0) = a1(−1) = a2(1) = 0, we have

τ1 (0) =
d0 (0)

a1 (0) + c1 (0)
, τ1 (1) =

d0 (1)

b1 (−1) + c1 (−1)
, (23)

τ2 (0) =
d2 (0)

a2 (0) + b2 (0)
, τ2 (1) =

d2 (1)

b2 (1) + c2 (1)
.

Since u(x, y) ∈ C(D), from these equalities it follows that the given functions must
satisfy the following compatibility conditions

d2(0)[a1(0) + c1(0)] = d0(0)[a2(0) + c2(0)],

d0(1) = ϕ(0)[b1(−1) + c1(−1)].

Under these conditions the values of the function u(x, y) at the points (0,1), (0,0) and
(1,0) are uniquely defined by the given functions of the problem Γ.

As a result, the problem Γ is equivalently (in the sense of unique solvability) reduced
to the problem Γ̃ that defining a solution u(x, y) ∈ C(G0)∩C1(G0∪OA∪OB)∩C2(G0)
in the domain G0 the following equation

uxx − uy − λ2u = 0 (24)
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satisfying the conditions (12), (21) and (22).
Now, we study problem Γ̃. Let u (x, y) be a solution to the problem Γ̃ for d2 (x) ≡

d0 (x) ≡ ϕ (y) ≡ 0. Then, in the domain G0 the following identity holds

0 = u
(
uxx − uy − λ2u

)
= (uux)x −

1

2

(
u2
)
y
− (ux)

2 − λ2u.

Integrating this identity in the domain G0 and applying Green’s formula, we have

2

∫∫
G0

[
(ux)

2 + λ2u
]
dxdy +

1∫
0

u2 (x, 1) dx+ 2

1∫
0

τ2 (x) ν2 (x) dx =

1∫
0

τ 2
1 (x) dx. (25)

On the other hand, passing to the limit at y → 0 and considering introduced
notations, from (24), we obtain

τ ′′1 (x)− λ2τ1(x)− ν1(x) = 0, 0 < x < 1. (26)

Multiplying (26) by τ1 (x) and integrating obtained equality over the segment [0, 1], and
taking τ1(0) = τ1(1) = 0 into account, we have

1∫
0

τ1 (x) ν1 (x) dx = −λ2

1∫
0

τ 2
1 (x) dx−

1∫
0

[τ ′1 (x)]
2
dx 6 0. (27)

Now, using (21) and (22) for d2 (x) ≡ d0 (x) ≡ ϕ(y) ≡ 0, we will prove that

lj =

1∫
0

τj (x) νj (x) dx > 0, j = 1, 2.

Let j = 1. Then, substituting the representation (21) of τ1 (x) into l1, we get

l1 =

1∫
0

ν1 (x) dx

β1(x)

x∫
0

ν1 (t) J0 [λ (x− t)] dt+γ1 (x)

1∫
x

ν1 (t) J0 [λ (t− x)] dt

 .

Hence, replacing the function J0 (z) by the following formula (1), we have

l1 =
1

π

1∫
−1

(
1− ξ2

)−1/2
dξ

1∫
0

ν1 (x)

β1 (x)

x∫
0

ν1 (t) cos [λ (x− t)] dt+

+ γ1 (x)

1∫
x

ν1 (t) cos [λ (t− x)] dt

 dx.
Using the difference formula for cosine functions and the following equality

f (x)

x∫
m

f (t) dt =
1

2

d

dx

 x∫
m

f (t) dt

2

,

l1 can be written in the following form

l1 =
1

2π

1∫
−1

(
1− ξ2

)−1/2
dξ×

Челябинский физико-математический журнал.Том 1, выпуск 1.
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×


1∫

0

β1(x)
d

dx

 x∫
0

ν1(t) cos(λtξ)dt

2

+

 x∫
0

ν2(t) sin(λtξ)dt

2 dx −
−

1∫
0

γ1 (x)
d

dx


 1∫

x

ν1 (t) cos (λtξ) dt

2

+

 1∫
x

ν1 (t) sin (λtξ) dt

2
dx

 .

Hence, applying the rule of integration by parts with respect to x and considering
a1(−1) = b1(0) = 0, we have the following expression

l1 =
1

2π

1∫
−1

(
1− ξ2

)−1/2
dξ×

×


1∫

0

γ′1 (x)


 1∫

x

ν1 (t) cos (λtξ) dt

2

+

 1∫
x

ν1 sin (λtξ) dt

2
 dx−

−
1∫

0

β′1(x) (x)

 x∫
0

ν1 (t) cos (λtξ) dt

2

+

 x∫
0

ν1 (t) sin (λtξ) dt

2 dx


from which by virtue of the condition (17) for j = 1, it follows that l1 > 0.
Similarly, using (22) and the condition (17) for j = 2, one can show that l2 > 0.
Since l1 > 0, from (27) follows that τ ′1(x) ≡ 0, i. e. τ1(x) = const. And since τ1(x) ∈

C [0, 1] and τ1(0) = 0, then τ1(x) ≡ 0, x ∈ [0, 1].
If we consider τ1 (x) ≡ 0, x ∈ [0, 1] and l2 > 0, then from (25) it follows that

u (x, 1) ≡ 0 and ux (x, y) = 0, i. e. u (x, 1) = 0 and u (x, y) = φ (y) , where φ (y) is an
arbitrary differentiable function. For the last two equalities, it follows that u (x, y) ≡ 0
in G0.

Hence, we can conclude that the problem Γ̃ (as a result problem Γ) can not have
more than one solution.

Now, we will prove the existence of the solution to the problem Γ̃. To do this, passing
to the limit as y → 0, from (24), we obtain (26). If we temporarily assume that ν1 (x) is
a known function then the solution of (26) satisfying the condition (23) is defined by

τ1 (x) = f (x) +

1∫
0

K (x, t) ν1 (t) dt, (28)

where

K(x, t) =

{
− sh [λ1(1− t)] sh (λ1x) [λ1 shλ1]−1 for 0 6 x 6 t;

− sh (λ1t) sh [λ1(1− x)] [λ1 shλ1]−1 for t 6 x 6 1,

f (x) = xτ1 (1) + (1− x) τ1 (0)− λ2

1∫
0

K (x, t) [tτ1 (1) + (1− t) τ1 (0)] dt.

Excluding the function τ1 (x) from (21) and (28), we obtain an integral equation of
the form with respect to ν1 (x):

1∫
0

K (x, t) ν1 (t) dt− β1 (x)

x∫
0

ν1 (t) J0 [λ (x− t)] dt−
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−γ1 (x)

1∫
x

ν1 (t) J0 [λ (t− x)] dt = f1 (x), 0 < x < 1,

where

f1 (x) = 2 [d0 (x)/α1 (x)]− f (x)− β1 (x) τ1 (0) J0 (λx)− γ1 (x) τ1 (1) J0 [λ (1− x)] .

Differentiating this equality with respect to x and considering γ1 (x)−β1 (x) 6= 0, x ∈
[0, 1], we have the following second kind Fredholm integral equation that is equivalent
to the problem Γ̃ :

ν1 (x) +

1∫
0

K1 (x, t) ν1 (t) dt = f2 (x) , 0 < x < 1, (29)

where
f2 (x) = f ′1 (x) [γ1 (x)− β1 (x)]−1,

K1 (x, t) =


[γ1 (x)− β1 (x)]−1 ∂

∂x
{K (x, t)− β1 (x) J0 [λ (x− t)]} , x > t,

[γ1 (x)− β1 (x)]−1 ∂

∂x
{K (x, t)− γ1 (x) J0 [λ (t− x)]} , x 6 t.

It is easy to verify that f2(x) ∈ C1[0, 1], and the functions K1(x, t), K1x(x, t) are
continuous for x 6= t, and for x = t they have a jump of the first kind.

Due to the uniqueness of the solution to the problem Γ̃ and its equivalence to the
equation (29), the homogeneous integral equation

ν1(x) +

1∫
0

K1(x, t)ν1(t)dt = 0, 0 < x < 1

has only the trivial solution. Then, according to the Fredholm alternative [24], the
solution to the non-homogeneous integral equation (29) exists and is unique.

Substituting the function ν1 (x) found from (29) into (21), we uniquely determine the
function τ1 (x), which belongs to the class C2[0, 1]. Thus, the problem Γ̃ is equivalently
reduced to the problem of determining the solution of the equation (24) that satisfies
the conditions (12), (22), and u (x, 0) = τ1 (x) , 0 6 x 6 1.

When solving this problem, we will use the solution formula for the first boundary
value problem for equation (24) in the domain G0:

u (x, y) =

1∫
0

e−λ
2yτ1 (ξ)G1 (x, y; ξ, 0) dξ +

y∫
0

eλ
2(η−y)τ2 (η)G1ξ (x, y; 0, η) dy−

−
y∫

0

eλ
2(η−y)ϕ (η)G1ξ (x, y; 1, η) dy, (x, y) ∈ G0, (30)

where
Gj (x, y; ξ, η) = [4π (y − η)]−1/2×

×
+∞∑

n=−∞

{
exp

[
−(x− ξ − 2n)2

ϕ(y − η)

]
+ (−1)j exp

[
−(x+ ξ − 2n)2

ϕ(y − η)

]}
, j = 1, 2.

Челябинский физико-математический журнал.Том 1, выпуск 1.



724 I.U. Khaydarov, A.O. Mamanazarov

Assuming x 6= 0, we differentiate equality (30) with respect to x. Then, taking the
limit as x→ 0, we obtain

ν2(y) = f3(y)−
y∫

0

[
τ2(η)eλ

2η
]′
e−λ

2y
{

[π(y − η)]−1/2 +K0(y, η)
}
dy, 0 < y < 1, (31)

where

f3 (y) = e−λ
2y


1∫

0

τ ′1(ξ)G2(0, t; ξ, 0)dξ +

y∫
0

[
ϕ(η)e−λ

2η
]′
G2ξ(0, t; 1, η)dη

 ,

K0 (y, η) =
2√

π (y − η)

+∞∑
n=1

exp

(
n2

η − y

)
.

Now, in equality (22), we rename x to η and multiply the resulting equality by
α−1

2 (η) eλ
2η. Then, differentiating the resulting equality with respect to η, we obtain[

τ2 (η) eλ
2η
]′

= f4 (η) + eλ
2η [β2 (η)− γ2 (η)] ν2 (η) +

+

η∫
0

ν2 (t)
∂

∂η

{
eλ

2ηβ2 (η) J0 [λ (η − t)]
}
dt+

+

1∫
η

ν2 (t)
∂

∂η

{
eλ

2ηγ2 (η) J0 [λ (y − t)]
}
dt,

(32)

where

f4(η) = (∂/∂η)
{
eλ

2ηα−1
2 (η) [2d2(η)−a2(η)τ2(0)J0(λη)− b2(η)τ2(1)J0[λ(1− η)]]} .

Substituting (32) into (31), and after some transformations, we obtain a Fredholm
integral equation of the second kind, which is equivalent to the problem Γ̃ :

ν2 (y) +

1∫
0

ν2 (t)K2 (y, t) dt = f5 (y) , 0 < y < 1, (33)

where

f5 (y) = f3 (y)− e−λ2y
y∫

0

f4 (η)
{

[π (y − η)]−1/2 +K0 (y, η)
}
dy,

K2(y, t) = eλ
2(t−y) [β2(t)− γ2(t)]

{
[π (y − t)]−1/2 +K0 (y, t)

}
+

+

y∫
t

{
[π(y − η)]−1/2 +K0(y, η)

}
· ∂
∂η

{
eλ

2(η−y)β2 (η) J0 [λ (η − t)]
}
dη+

+

t∫
0

{
[π (y − η)]−1/2 +K0 (y, η)

} ∂

∂η

{
eλ

2(η−y)γ2 (η) J0 [λ (t− η)]
}
dη , y > t,
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K2 (y, t) =

y∫
0

{
[π (y − η)]−1/2 +K0 (y, η)

} ∂

∂η

{
eλ

2(η−y)γ2 (η) J0 [λ (t− η)]
}
dη, y 6 t.

The unique and unconditional solvability of the non-homogeneous integral equation
(33) (due to its equivalence to the problem Γ̃ ) follows from the uniqueness of the solution
to the problem Γ̃.

After the function ν2 (y) is found from equation (33), substituting it into equality (22)
gives the function τ2 (y) . Therefore, the functions τj (y) and νj (y) , j = 1, 2, are uniquely
determined through the given problem Γ. Using the found functions τj (y) and νj (y) ,
for j = 1, 2 the solution to the problem Γ in the domains G0, G1 and G2 is determined
by the formulas (30), (19), and (20), respectively. This completes the investigation of
the problem Γ.

Remark 1. If in the conditions (15) and (18) we have b1(−x) ≡ c1(−x) ≡ 0, x ∈ [0, 1];
b2(y) ≡ c2(y) ≡ 0, y ∈ [0, 1], then due to the invertibility of the operator A0,λ

0x , the
problem Γ reduces to the Tricomi problem, which consists of finding a regular solution
in the domain D to equation (9), satisfying the conditions (12) and u(x, y)|OK = X1(x),
x ∈ [0, 1/2] and u(x, y)|OM = X2(y), y ∈ [0, 1/2], where X1(x) and X2(y) are given
continuous functions from the class C2[0, 1].

5. Study of the problem H

Let u(x, y) be a solution to the problem H. We introduce the following notations:

lim
x→−y−0

u(x, y) = X(y), 0 6 y 6 (1/2), (34)

a1 (−x)A0,λ
0x {u [θ0 (x)]}+ b1 (−x)A0,λ

1x {u [θ1 (x)]}+

c1 (−x)u (x, 0) = Y (x) , (x, 0) ∈ OA. (35)

We will assume that X (y) and Y (x) are twice continuously differentiable functions
(below we will prove that they indeed possess these properties).

From the boundary conditions and the introduced notations, it is clear that if X (y)
and Y (x) are given functions, the solution to the problem H in the domain D is
determined as the solution to the boundary value problem {(9), (12), (15), (35)} by
the formulas (30), (19), (20), and in the domain D∗ by the the following formulas of the
solution of boundary value problem {(9), (13), (14), (34)}:

u(x, y) =

1∫
0

e−λ
2yτ1 (ξ)G1 (x, y; ξ, 0) dξ +

y∫
0

eλ
2(η−y)τ2 (η)G1ξ (x, y; 0, η) dy−

−
y∫

0

eλ
2(η−y)ϕ (η)G1ξ (x, y; 1, η) dy, (x, y) ∈ G∗0,

u(x, y) =
1

2
[τ ∗2 (y + x) + τ ∗2 (y − x)] +

1

2

y+x∫
y−x

ν∗2(t)J0

[
λ2

√
(y − t)2 − x2

]
dt+

+
1

4
λ2

2x

y+x∫
y−x

τ ∗2 (t) J̄1

[
λ2

√
(y − t)2 − x2

]
dt, (x, y) ∈ G∗2,
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u(x, y) =
1

2
[τ ∗1 (x+ y) + τ ∗1 (x− y)] +

1

2

x+y∫
x−y

ν∗1(t)J0

[
λ2

√
(x− t)2 − y2

]
dt+

+
1

4
λ2

2y

x+y∫
x−y

τ ∗1 (t) J̄1

[
λ2

√
(x− t)2 − y2

]
dt, (x, y) ∈ G∗1, (36)

where
τ1(t) = u(t, 0), τ2(t) = u(0, t), 0 6 t 6 1;
τ ∗1 (t) = u(t, 0), τ ∗2 (t) = u(0, t), −1 6 t 6 0;
ν1(t) = uy(t, 0), ν2(t) = ux(0, t), 0 < t < 1;
ν∗1(t) = uy(t, 0), ν∗2(t) = ux(0, t), −1 < t < 0.

Therefore, we focus on finding the unknown functions X (y) and Y (x).
First, we will find the function Y (x). Using the formulas (19) and (36) and the

methodology applied in obtaining equality (21), from the relations (14) and (35), we
obtain

α1 (x) τ1 (x) = 2Y (x)− τ1 (0) a1 (−x) J0 (λx)−

τ1 (1) b1 (−x) J0 [λ (1− x)] + a1 (x)

x∫
0

ν1 (x) J0 [λ (x− t)] dt+

+b1 (x)

1∫
x

ν1 (t) J0 [λ (x− t)] dt, (37)

α1 (x) τ ∗2 (−x) = 2d1 (−x)− τ ∗2 (0) a1 (−x) J0 (λx)−

−τ ∗1 (−1) b1 (−x) J0 [λ (1− x)]− a1 (−x)

x∫
0

ν∗1 (−t) J0 [λ (x− t)] dt−

−b1 (−x)

1∫
x

ν∗2 (−t) J0 [λ (x− t)] dt. (38)

Multiplying equality (38) by q and subtracting it term by term from (37), we obtain

2Y (x) = 2qd1(−x) + α1(x)[τ1(x)− qτ1
∗(−x)]+

+a1(−x)J0(λx)[τ1(0)− qτ2
∗(0)] + b1(−x)J0[λ(1− x)]×

×[τ1(1)− qτ2
∗(−1)]− a1(−x)

x∫
0

[ν(t) + qν2
∗(−t)]J0[λ(x− t)]dt−

−b1(−x)

1∫
x

[ν(t) + qν2
∗(−t)]J0[λ(x− t)]dt. (39)

Therefore, the function Y (x) is uniquely expressed through the unknown function
δ (x) = τ1 (x)− qτ2 ∗ (−x). We will find the function δ (x).

Equation (9) in the domains G0 and G∗0 has the forms

uxx − uy − λ2u = 0, (x, y) ∈ G0, (40)
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uyy + ux + λ2u = 0, (x, y) ∈ G∗0. (41)

Passing to the limit as y → +0 and x→ −0 in (40) and (41), accordingly, and taking
into account the introduced notations, we obtain

τ1
′′ (x)− λ2τ1 (x)− ν ′1(x) = 0, 0 < x < 1, (42)

τ2
′′(−x) + λ2τ2 (−x) + ν2

∗(−x) = 0, 0 < x < 1. (43)

Multiplying (43) by q and subtracting it term by term from (42), we find

δ′′(x)− λ2δ (x)− [ν1 (x) + qν2
∗ (−x)] = 0, 0 < x < 1.

As mentioned above, the solution to the problem H in the domains G1 and G∗1
s determined by formulas (19) and (36), respectively. Substituting (19) and (36) into
condition (10) and taking into account the first condition of the compatibility condition
(16), after some transformations, we obtain

B0,λ
0x [τ1 (x)− qτ ∗2 (−x)]−

x∫
0

[ν1 (t) + qν∗2 (−t)] J0

[
λ
√
t (t− x)

]
dt =

= 2p1 (x/2)− p1 (0) , 0 6 x 6 1,

where B0,λ
0x is an operator defined by (3).

Due to equality (8) and the notation δ (x) = τ1 (x)− qτ ∗2 (−x) the last equality can
be rewritten as

B0,λ
0x δ (x)−

x∫
0

B1,λ
0t [ν1 (t) + qν∗2 (−t)] dt = 2p1 (x/2)− p1 (0) , 0 6 x 6 1.

Differentiating this equality with respect to x, and then applying the operator A1,λ
0x ,

defined by formula (2), taking into account the equalities (5) and (7), we obtain

ν1 (z) + qν∗2 (−z) = C0,λ
0z [δ (z)]− A1,z

0z [p′1 (z/2)], 0 < z < 1, (44)

where C0,λ
0x is an operator defined by (4). Substituting (44) into (43), we obtain an

integral-differential equation with respect to δ (x):

δ′′ (x)− λ2δ (x)− C1,λ
0x [δ (x)] = −A1,λ

0x [p′ (x/2)], 0 < x < 1. (45)

From (10), (12), and (13), due to the compatibility condition (16), it follows that

δ (0) = p1 (0) , δ (1) = ϕ (0)− qϕ∗ (0) . (46)

We will prove that the solution to equation (45), satisfying condition (46), exists and is
unique

First, we will prove the uniqueness of the solution. To do this, it is enough to show
that the homogeneous problem

δ′′ (x)− λ2δ (x)− C0,λ
0x δ (x) = 0, x ∈ (0, 1); δ(0) = δ (1) = 0 (47)

has only the trivial solution. To this end, considering the form of the operator C0,λ
0x , we

can rewrite the equation in (47) as

δ′′ (x)− δ′ (x)− λ2δ (x)− 1

2
λ2

x∫
0

δ (t)J1[λ (x− t)]dt = 0, x ∈ (0, 1).
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Multiply this equation by δ (x) and integrate with respect to x over the interval [0, 1].
Then, by integrating by parts the first two integrals and taking into account the
conditions δ(0) = δ(1) = 0, we obtain

1∫
0

[δ′ (x)]
2
dx+ λ2

1∫
0

δ2 (x) dx+
1

2
λ2

1∫
0

δ (x) dx

x∫
0

δ (t) J1[λ (x− t) dt = 0. (48)

Let the last integral in (48) be denoted by l and replace the function J1(z) using the
formula (1) with w = 1:

l =
2

π

1∫
−1

(
1− ξ2

)1/2


1∫

0

δ (x) dx

x∫
0

δ (t) cos [λ (x− t)] dt

 dξ.

From here, applying the formula for the cosine of a difference and taking into account
the equality

f (x)

x∫
0

f (t) dt =
1

2

d

dx

 x∫
0

f (t) dt

2

,

we compute the integral with respect to x. As a result, we have

l =
1

π

1∫
−1

(
1− ξ2

)1/2


 1∫

0

δ (t) cos(λξt) dt

2

+

 1∫
0

δ (t) sin(λξt) dt


 dξ.

Therefore, l > 0. Taking this into account, it follows from (48) that δ′ (x) ≡ 0, i. e.
δ (x) = const, x ∈ (0, 1). Since δ (x) ∈ C [0, 1] and δ (0) = δ (1) = 0, we have δ (x) ≡ 0,
x ∈ [0, 1].

Now, we proceed to prove the existence of a solution to the problem {(45), (46)}.
For this purpose, let us rewrite the equations (45) in the form

δ′′ (x)− λ2δ (x) = f (x) , 0 < x < 1,

where

f (x) = −A1, λ
0x [p′ (x/2)] + δ′ (x) + (1/2)λ2

x∫
0

δ (t) J̄1 [λ (x− t)]dt. (49)

If we temporarily assume that the right hand-side of the last equation is known
function, then it is easy to verify that the solution of this equation satisfying the
condition (46) has the following form

δ(x) = f1(x) +

1∫
0

K(x, t)f(t)dt, (50)

where

f1(x) = xδ(1) + (1− x)δ(0) + λ2

1∫
0

K(x, t)[tδ(1) + (1− t)δ(0)]dt,
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and K(x, t) is the Green’s function defined by

K(x, t) =

{
− sh[λ(1− t)] sh(λx)(λ shλ)−1 for x 6 t,

− sh[λ(1− x)] sh(λt)(λ shλ)−1 for x > t.

Substituting the function f(x) from (49) into (50) and applying the integration by
parts formula, after some transformations, we obtain the second-kind Fredholm integral
equation with respect to δ (x), which is equivalent to the problem{(45),(46)}:

δ (x)−
1∫

0

K1 (x, t) δ (t) dt = f2 (x), 0 < x < 1, (51)

where

f2 (x) = xδ (1) + (1− x) δ (0)−
1∫

0

K (x, t)A1,λ
0t [p′ (t/2)]dt,

K1 (x, t) =
∂

∂t
K (x, t)− 1

2
λ2

1∫
t

K (x, z) J1[λ (z − t)]dz,

such that f2(x) ∈ C1[0, 1] ∩C2(0, 1), and K1(x, t) and its derivatives are continuous for
t 6= x and they have a jump of the first kind for t = x.

The homogeneous problem (47) corresponds to the homogeneous integral equation:

δ (x)−
1∫

0

K1 (x, t) δ (t) dt = 0, 0 < x < 1. (52)

Since the problem (47) has only the trivial solution, the equation (52) also has only
the solution δ (x) ≡ 0, x ∈ [0, 1]. Then, according to the Fredholm alternative [24],
the solution to the integral equation (51) exists and is unique. Moreover, due to the
properties of f2(x) and K1(x, t), its solution belongs to the class C1[0, 1] ∩ C2(0, 1).

Therefore, the function δ (x) = τ1 (x)−qτ ∗
2

(−x) is uniquely determined by the given
data of the problem H and belongs to the class C [0, 1] ∩ C2 (0, 1).

Taking this into account, along with the equalities (44) and (39), we can conclude
that the unknown function Y (x) is uniquely determined by the given data of the problem
H, and moreover, it belongs to the class Y (x) ∈ C [0, 1] ∩ C2 (0, 1) и Y (x) ≡ 0 for
p1 (x) = ϕ (y) ≡ ϕ∗ (x) ≡ d1 (x) ≡ 0.

After the problem Γ for the equation (9) in the domain D with the conditions {(12),
(15), (35)} has been solved, by substituting the obtained solution of this problem into
equality (11), we find the unknown function X(y) :

X(y) =
1

q

[
lim

x→−y+0
u(x, y)− p2(y)

]
, 0 6 y 6 (1/2).

Thus, we have proved the following theorem:

Theorem 5. Let ϕ(y) ∈ C1[0, 1], ϕ∗(x) ∈ C1[−1, 0], pj(t) ∈ C2[0, 1/2], aj(t), bj(t),
cj(t), dj(t) ∈ C2[−1, 0] and let the conditions (16), (17) and the following conditions be
satisfied:

a2
j

(
[(−1)jy]

)
+ b2

j

(
[(−1)jy]

)
+ c2

j

(
[(−1)jy]

)
6= 0, ∀y ∈ [0, 1], j = 1, 2;

bj(0) = 0, aj[(−1)j] = 0, j = 1, 2; a1(y) 6= b1(y), y ∈ [−1, 0].

Then Problem H has a unique solution.
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