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In this paper, we consider a nonlinear impulsive parabolic type partial differential equation
with nonlinear impulsive conditions. Dirichlet type boundary value conditions with respect
to spatial variable is used, and eigenvalues and eigenfunctions of the spectral problem are
founded. The Fourier method of the separation of variables is applied. A countable system
of nonlinear functional equations is obtained with respect to the Fourier coefficients of the
unknown function. A theorem on a unique solvability of the countable system of nonlinear
functional equations is proved by the method of successive approximations. A criteria
of uniqueness and existence of a solution for the nonlinear impulsive mixed problem is
obtained. A solution of the mixed problem is derived in the form of the Fourier series.
The absolute and uniform convergence of the Fourier series is proved.

Keywords: mixed problem, monlinear parabolic equation, mnonlinear impulsive conditions,

involution, unique solvability.

1. Formulation of the problem statement

Partial differential and integro-differential equations of parabolic type are
investigated widely by large number of scientists and have different applications in
sciences and technology (see, for example [1-14]). Differential and integro-differential
equations with impulse effects have applications in biological, chemical and physical
sciences, ecology, biotechnology, industrial robotic, pharmacokinetics, optimal control,
etc. [15-21]. A lot of publications are devoted to study differential equations with
impulsive effects, describing many natural and technical processes (see, for example
[22-38]). In [39-43], the questions of existence and uniqueness of periodic solutions of
differential and integro-differential equations were studied. In [44-46] Whitham type
partial differential equations of first order with impulsive effects were investigated.

In this paper, we study the solvability of the impulsive mixed problem for a nonlinear
parabolic type differential equation with involution and nonlinear impulsive conditions.
In the domain Q@ = {t € (0,T7),t # tp, 0 <ty <T,m=1,2,...,p,x € (—1,1)} we
consider the following nonlinear partial differential equation

Uilts) — Unalt, ) — & Una(t, —) = f(a v [ KU y)dy) W)

with Dirichlet boundary value conditions on spatial variable z

Ut,~1)=U(t,1) =0, 0<t<T, 2)
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and initial value condition on time variable ¢
U(0,2) = p(x), —1<z<1, (3)

where T' is given positive number, ¢ is parameter, || < 1, p(z) is given function on
the segment [—1,1]. We assume that for the initial value function p(z) € C[—1,1] the
following conditions are fulfilled ¢(—1) = (1) = 0. We also suppose that f(t,z,-) €
C(Q xR) and f(¢t,—1,-) = f(t,1,-) = 0.

Since equation (1) is impulsive, we use also nonlinear impulsive conditions

1

Ut 2) — U () = I (x,/G(y)U(tm,y) dy), m=12. . p (4

-1

v—0t

where j|G(x)|dx <00, 0<ty <o <t, <T <00, U(th,z) = lim U (ty, + (, x),
U (t;,;; = VIH(?—U (tm — C,x) are right-hand side and left-hand side limits of function
U(t,z) at the points t = t,,, respectively, I,,(—1,-) = L,(1,-) = 0.
2. Formal solution of the mixed problem
First, consider the homogeneous partial differential equation

U(t, ) = Upe(t, ) — eUso(t, —2) = 0 ()

with boundary value conditions of the Dirichlet type
Ult,-1)=U(t,1)=0, 0<t<T. (6)

Problem (5), (6) will be solved by the method of separation of variables: U(t,x) =
u(t) ¥(z). Then, using this method of separation of variables, from problem (5), (6) we
arrive at the following spectral problem for an ordinary differential equation

V' (z) + ed"(—x) + M (z) =0 (7)
with boundary value conditions
Y(—1) =0, ¥(1)=0. (8)
It is obvious that for the case of even eigenfunctions, equation (7) takes the form
(1+e)d{(z) + Mh(x) = 0. 9)
Solving differential equation (9) with conditions (8), we find the eigenvalues
M= (1+¢)7(n+0.5)? (10)
and eigenfunctions of problem (7), (8):
V1 n(z) = cosm(n+0.5)z, neN. (11)
In the case of odd eigenfunctions, equation (7) takes another form

(1 —e)y(z) + Aatda(x) = 0. (12)
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Solving differential equation (12) with spectral (zero) conditions (8), we find the
eigenvalues and the corresponding eigenfunctions of problem (12), (8)

Ao =(1—e)mn’, |e| <1, (13)

Uon(x) =sinmnz, neN. (14)

Note that the eigenfunctions ¥;,(z) (i = 1,2) determined by (11) and (14) form a
complete system of orthonormal eigenfunctions in the space Ls[—1,1]. Therefore, we
seek nontrivial solutions to the nonhomogeneous partial differential equation (1) in the
forms U(t,z) = Uy (t, x) + Us(t, x) of the Fourier series

=Y tin(t)Vinl@), i=1,2, (15)
n=1

where Uy (t, ) and Us(t, x) satisfy the given differential equation (1)

Ui(t,z) — Upge(t, ) — € Uy (t, —) =  f; (t x /K Ui(t,y dy)

1

Uin(t) = /Ui(t,x) Vip(x)dr, i=1,2. (16)

We also suppose that the function f(t,z,-) = fi(t,z, ) + fo(t, x,-) € C(2 x R) expands
to the Fourier series by eigenfunctions v; ,(z):

where
fin(t,- /fZ (t x,/K Ui(t,y dy) Vin(x)de, 1=1,2. (17)
2 2

By the aid of Fourier series (15), from the impulsive conditions (4) we obtain

Zuznt+ zn Zuzn z ijzn i,n )7 m:1727”'7p7

1

Lin() = / L. (a: /1 G(y)iui,j(tmm,j(y)dy) Gin(@)dz, i=12  (I8)

Hence, by the aid of inner production

(05.n(x), 95 5(x)) = { (1): f; ; jy

we derive that
uz,n(t;) — uw(t;n) = Im,i,n(‘); m = 1, 2, o, P. (19)
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Substituting the Fourier series (15) into the given differential equation (1), we obtain
a countable system of the first order ordinary differential equations

u;,n(t) + )\i,n ul,n@) - fi,n(tv ')7 (20)

where \;,, are eigenvalues determined by (10) and (13). The countable system of first
order ordinary differential equations (20) we rewrite as

(Mtun(t)) = et fin(t, ), i =1,2. (21)
By integration of (21) on the intervals (0,t1], (1,2, ..., (tp, tp+1], we obtain
t1
/ Znsfzn : / Znsuzn /dS:
0 0

= Mt (1) — 0w, (01) = Mt () — uia(0), i=1,2, t€(0,t],

to to
t1 t1
. - — : + i ]
= M2y, (1)) — e, (H) = ey, () — e u, (t),  t € (B, L],
tp+1 tpt1
ein fn (s, )ds = / (eAi’"SUi,n(S»I ds =
tp tp
. - —_ . + 3 i
_ e)\l,ntp+1ui7n(tp+1) _ e/\z,ntp uz,n(t;) = e)‘l’"tp+1ui7n(t) — €Az’ntpui,n(t;r): te (tilh tp+1] :

Here we took into account that u;,(07) = wu;,(0), Uin(t, 1) = Uin(t). So, taking the
impulsive conditions (19) into account, on the interval (0, 7] we have

t
/ ons fy (s, )ds = 7 (1) = 30 (0) + €2 (t) — X7 (8 )+
0

+e’\’””t3ui,n(t3) — e’\i’"tgui,n(tj) +--+ e’\"’"tf’“ui,n(t) — e’\"*”t”ui,n(t;r) =

= —;n(0) — M [uin(t) — win(t1)] — €37 [uin(t3) — win(ta)] — -+ —

—6)\ intp [Ul’n(t;r) — ’U/,L,n(tp)} -+ €Ai’ntui7n(t> - U/z n Z € Ain m i,n +e Aiynt U; n<t>
0<tm<t

Hence, we obtain that
¢
Ui (1) = U (0)ent 4 /e_’\i%”(t_s)fi,n(s, )ds + Z e_’\i’"(t_tm)lm,m(-). (22)
0
For given function ¢p(z) in (3) we set p(x) = p1(z) + pa2(z). Now, supposing that
the functions ¢;(x) and @o(x) are expanding into a Fourier series and using the Fourier
coefficients (16), from condition (3) we obtain

1 1

uin(0) = /Ui(O,x) Vin(x)de = /gpl($) Vin(x)de = p;i,, =12 (23)

-1 -1
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Using initial value conditions (23), we found the unknown coefficients w;,(0) in
presentations (22). Then we have

t

uzn() cpzne Ai’nt"i_/ “7 (b= fzn( d8+ Z _)\”l(t tm)]m’”l( ) (24>

0 0<tm<t

Representations (24) are Fourier coefficients of formal solution to problem (1)-(4). So,
taking into account (17) and (18), we rewrite it as
Uin(t) = At Uip) = Pipeomi4

t

+0/ Nl S/fl(sx/K Zum dy)ﬁ () duds+

+ Z e Nim(t= tm>/1m( / Zum )dy)ﬁ o(@)dz.  (25)

0<tm<t

Representation (25) is the countable system of nonlinear functional equations.
Substituting representation (25) into Fourier series (15), we obtain a formal solution
of problem (1)—(4) on the domain Q

Zﬁm |:901 ne o4

+/ mts/fl(sa:/[( Zu” y)ﬁ () dads+

n zp: ¢~ Him(t=tm) / I, < / Zu” )dy)ﬁ (m)d:v} (26)

0<t7n<t —1 —1

3. Solvability of the countable system
of nonlinear functional equations

Let us investigate the countable system of nonlinear functional equations (25) in
the questions of unique solvability. Consider the following Banach spaces, which we will
use in our further actions: the space By[0, 7] of function sequences {u,(t)} -, on the
segment [0, 7] with the norm

00 2
10 gy = || 3 (g, 0] <

the Hilbert coordinate space ¢ of number sequences {¢,,}, -, with the norm
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the space Ly[—1, 1] of square-integrable functions on an interval [—1, 1] with norm

192) 11y = /w 2 dr < oo

the space PCp, ([0, T];R) = {u, : [0,T] = R; d(t) € (Baltm,tms1];R), m =0,1,...,p}
with the norm ||i(t) || poy, j0.r) = max{ || €(t) | By(tm timya]s ™ = 0, 1,2, ..., p}, where u, ()
and u,(t)) (m=0,1,...,p) exist and are bounded; u,(t,,) = up(tm).

Smoothness conditions. Let be p;(z) € C4[—1,1], fi(t,z,-), Lni(z,) € C*—1,1].
Then, we integrate by parts (23) four times on the variable x, (17) and (18) two times
on the variable x and we obtain the results

o8] £ st ) 1250 ()]
|90i,n| < N |fi,n(t7 )| < Ta um,i,n(t )| =X )\2 )

where

1
" 0? it Y, -
%(In‘/) / (;0 El )ﬁz,n(y) dya fi,n(ta ) = /%ﬁz,n(y) dyv

1
azjmi ) " .
I&ln() = / %ﬁz,n(y) dya i =1,2.
-1

Here it is not difficult to prove that Bessel’s inequalities are valid:

o], <[ 18766l < | L5
£ dxt La[—1,1] ’ Ox? La[—1,1]
9%, :(x, -
0l < |Zme] e
2 Ox La[-1,1]

Theorem 1. Let the smoothness conditions be fulfilled. If the following conditions are
fulfilled:

1 1
00 2
max — max / [[i,m (a:,/G(y) ZU?J (t) Y, (y)dy)} dx = const < 0o,
1 Jj=1

m=1,p t€[tm,tm+1]
-1

1 1
oo 2
max —max } /lfl (t,x,/K(y)Zugj(t)ﬂi,j(y)dy)} dx = const < oo,
21 21 j=1

tE[tm,tm+1

1

I, (x[c; Zuw dy) L, ( / Zu ) )dy)’
< P IG 3 ul j(tm) =i (tn) |0i5(y)dy |, 0 < Ppy(x) € C[=1,1],

-1 Jj=1
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o f 0300 00) 5 052 000)

/K(y)z !u;j(t)—u ‘19” y‘ 0 < Qi(x) € Cl—1,1],

pi = C My | Mz || Pi@)l ypos |G @) |y +

M Qi@ o 1K @) ypoay] < 1 (27)
”Pi(x)HLZ[_l’l] - mrznl?ip Hpm’i(x)”LQ[*l,l] , =12

where C, M, ;, My, Ms,; are some constants, then the countable system of nonlinear
functional equations (25) is uniquely solvable in the space PCp,[0,T]. In this case, the
desired solution can be founded by the following iteration process:

u?n(t) = @i, ne_ki "t
{u?“(t) A (tu] ), i=1,2, 7=012,... (28)

i,n » Yin

Proof. We use the method of contraction maps in combination with the method of
successive approximations in the space PCp, [0, T']. By virtue of conditions of the theorem
and applying the Cauchy — Schwartz inequality and the Bessel inequality, we obtain
from approximations (28) that the following estimate is valid:

o0

1 ()]l P, 0.1 < max max [ug,, (t)] <
m:l,p n—=1 tE[tmytmle}

- o6 (IV
< max im| max {eMn} g
A m:Lp; |90 ’ |t Eltm tm+1] { } Z
0o v
<Z|90§,n)|< Z Z| iz —§ . <oo, i=12 (29)
< )\4 < — Ul 9 b R
n=1 L n=1 zn

where A1, = (1 +¢e)m?(n+ 0.5)%, Ag,, = (1 — e)wn?, || < 1.
In next estimate we take into account that

t

/e’\i*"(ts)ds < )\jn [1 - e’)‘iv"t] <

)

1
/\in

)

Ml,ia 0< Ml,i = const.
0

Then, by virtue of estimate (29), applying the Cauchy—Schwartz inequality and the
Bessel inequality, for the first difference of approximations (28) we obtain with

(e 9]

= >, (095(0)

[e.o]

13 (t) — @ (0) [l P, fo.r) < max max  [u;, (1) — uf,(t)] <
m= lp —1 te[t"ut'mnkl}
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- 1
< Ain(t=tm) [T /G Si(tm, y)dy | Vin(z)d
m S o | 3 ¢ / i GO e
=1 0<tm<t
+C max sup / i (t= S)/fl (s x /K (s,y dy) Vin(z)drds | <
m:lp 1t€(tm m+1]
EZ /Im,i <x,/G(y)Si(t,y)dy> Vi p(x)de |+
=Lp n—1 1nt€ tm tm+1} 1 t—1m
21 1
- 1 1
+C' My max s | [ f(ne [ K@Ssitnan) dawe| <
m=Lp T Ainte(tm,tmt1]
1 1
1 1
C? - |
< My max — max /Imi x,/G(y)Si(t,y)dy Vin(z)dx| +
—~ A2 m=Tp t€ltm tm1] — ’ ’ |
n= n=1 -"4 4

< C - M2M3’i max

+C M1 ZMg ; mMax

m=1 ptE[tm tm+1]

where

M>

>\1,n

[ @7 () — a7 (1)

< C max
m=1,p

—max
)\’L nm= 1 P tE[t'm tm+1]

sup
te(tm 7tm+1] m=1

= (1+¢)7?

max

1
I <$’ / G(y) Z 01, Ui j (y)dy) +
m=1p ) j=1 La[-1,1]
1 oo
max || f; <t,x,/K(y) Zfsu ﬁi,j(y)dy> < o0,
e j=1 Lo[=1,1]

p

(n+0.5)% Ap, = (1 —¢)7n?,

Continuing this process, similarly to the estimate (30) we obtain

le] < 1.

o0

max |ul,(t) —u

m=Tp =

max

I <
PCBQ [OzT] 1 te[tm,tm+1]

1

e_Ai’n(t_tm)/Pmﬂ'(l')X

-1

oo p

sup
n=1 0<ty <t t€Em tm+1]

WY1,

T_'l(tm)] Vi j(y)dy | O p(x)de | +

Ui
-1 Jj=1
- t 1
-\ n(t—s)
+C max. sup e " Qi(x)x
m=1,p 1 t€(tm,tmt1] " 7

N
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X /K(y) Z [u:](s) — uf;l(s)} Vi i (y)dy| Vin(x) deds | <

xS max Mwww;ww/awmmmy+
te[tm,tm+l}
1
+M, max Vi n(T)dw X
m= lp

o) 1

x> max MN%WZ%M/K@mMMyé
= tE€[tm tm41) J

< C MMy | Py 1) = 70 sy, 0y 1 G D+

+C - M,y ;Ms; ”Qz’(iﬂ)HLg[q,u HUZ(ZS) - ﬁ?‘l(t)HPCBQ[O,T] HK@?)HLz[*m] <

T

< pi H uf (t) —uj (1) HPCBZ[OyT] ’ (31)
pi = C - M, [M2 | Pi(x) ||L2[—1,1] | G(z) HLQ[—LI} + My, || Qi(x) ”Lz[—l,l] | K(x) ”Lz[—l,l] )

HP'L( )HLQ[ 1]_] rPlaXpHsz( )HL[ 1,1] Z:1,2

=1,...,

According to (27), p; < 1. Consequently, it follows from estimate (31) that the
operator on the right-hand side of the countable system of nonlinear functional equations
(25) is contracting. It follows from estimates (29)—(31) that there is a unique fixed
point, which is a solution to the countable system of functional equations (25) in space
PCp,[0,T]. Theorem 1 is proved. O

4. Uniform convergence of Fourier series

Theorem 3. Let the conditions of Theorem 1 be fulfilled. Then the unknown function
U(t,x) = Uy(t,z) + Us(t, x) of mized impulsive problem (1)—(4) is defined by Fourier
series (26). Series (26), its two derivatives on the variable x and the first derivative on
the variable t converge on the domain §2.

Proof. Let w;(t) € PCp,[0,T] be unique solution of countable system (25). As in the
case of estimates (29) and (30), we obtain

& e
r)| < Z |V ()] <7in_ai>;z | in | o max {e"\imt} +
n=1 T =1

[tmvtm-!—l]

1
oo

+C'- maxz Z g~ Mim(t=tm) /[m,i (z,+) O p(x)dx| +

m=1 L te(tm tm+1 0<tm <t 1
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t

- 1
+C' - max Z sup /eAi’"(tS) / fi(s,x, ) Vi n(x)dads| | <
S

m=1p " t€(tm tm+1]

0

o

1 1A%
Z ATH%( New +C- MzMB,inffl:% [ L (@, ) |y +

n=1""®"N

+C - My ;Ms;max  max || fi (£, 2,°) [[,1_1.0 < 0 (32)
’ ’ m=1,p t€[tm,tm+1] 25
Estimate (32) implies the absolute and uniform convergence of series (26). Analogously
the smoothness of solution (26) may be proved by the aid of the smoothness conditions.
Theorem 3 is proved. O

5. Conclusion

In the domain Q ={t € (0,7), t #tp, 0<t,, <T,m=1,2,...,p, x € (—1,1)} we
consider a parabolic type nonlinear differential equation (1) with nonlinear impulsive
effects and involution. Dirichlet boundary value conditions (2) with respect to spatial
variable x are used. First, homogeneous problem (5), (6) is considered. This problem is
replaced with spectral problem (7), (8). Eigenvalues (10), (13) and eigenfunctions (11),
(14) of spectral problem (7), (8) are found. The Fourier series method of variables
separation is applied. The countable system of nonlinear functional equations (25)
is obtained. Theorem 1 on a unique solvability of countable system of nonlinear
functional equations (25) is proved. The method of successive approximations is used in
combination with the method of contraction mappings. The solution of mixed problem
(1)—(4) is obtained in the form of Fourier series (26). The absolute and uniform
convergence of Fourier series (26) are proved (Theorem 3).

We will need this work in our future work to investigate other type partial differential
equations of the arbitrary order with impulse effects.
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