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We consider local derivations on finite-dimensional Jordan algebras. We developed a
technique for the description of the vector space of local derivations on an arbitrary
low-dimension Jordan algebra. We also give a description of local derivations on some
Jordan algebras of dimension four.
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Introduction

The present paper is devoted to local derivations on Jordan algebras. The history of
local derivations begins with the Gleason — Kahane — Zelazko theorem in [1] and [2],
which is a fundamental contribution in the theory of Banach algebras. This theorem
asserts that every unital linear functional F' on a complex unital Banach algebra A,
such that F'(a) belongs to the spectrum o(a) of a for every a € A, is multiplicative. In
modern terminology this is equivalent to the following condition: every unital linear local
homomorphism from a unital complex Banach algebra A into C is multiplicative. We
recall that a linear map 7" from a Banach algebra A into a Banach algebra B is said to
be a local homomorphism if for every a in A there exists a homomorphism &, : A — B,
depending on a, such that T'(a) = ®,(a).

Later, in [3], R. Kadison introduces the concept of local derivation and proves that
each continuous local derivation from a von Neumann algebra into its dual Banach
bemodule is a derivation. B. Jonson [4] extends the above result by proving that every
local derivation from a C*-algebra into its Banach bimodule is a derivation. In particular,
Johnson gives an automatic continuity result by proving that local derivations of a C*-
algebra A into a Banach A-bimodule X are continuous even if not assumed a priori to
be so (cf. [4, Theorem 7.5]). Based on these results, many authors have studied local
derivations on operator algebras.

By Theorem 5.4 in [5] every local derivation on a JB-algebra is a derivation. So,
in [5] the description of local derivations on JB-algebras is given. In [6] the first and
the second authors of the present paper have made one of the first contributions to the
theory of local mappings in the case of Jordan algebras. They proved that a linear local
Jordan multiplier of the Jordan algebra of symmetric matrices over an arbitrary field is
a Jordan multiplier operator.

In the present paper, we investigate derivations and local derivations on Jordan
algebras. Recall that a linear mapping D on a Jordan algebra 7, satisfying, for each
pair z, y of elements in J, D(zy) = D(z)y + 2D(y), is called a derivation, and a linear
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mapping V : J — J is called a local derivation if for every x € J there exists a
derivation D : J — J such that V(z) = D(x).

In the following, we will work over an algebraically closed field F of characteristic
# 2 and, furthermore, all Jordan algebras are assumed to be of dimension four over
F. In [7], the list of Jordan algebras over I of dimension less than or equal to four is
provided.

Description of local derivations of Jordan algebras with nilpotent elements and
nilpotent Jordan algebras is an open problem. Therefore, we choose for our investigation
appropriate Jordan algebras from this list, and give description of local derivations on
these Jordan algebras. We also give a criterion of a linear operator on Jordan algebras
of dimension four to be a local derivation. We developed a technique for the description
of the vector space of local derivations on an arbitrary low-dimension Jordan algebra.

1. Local derivations on Jordan algebras of dimension four

Let J be a Jordan algebra of dimension four with a basis {ey, s, €3, €4}. Let x be an
element in J. Then we can write x = x1e1 + x9es + 1363 + 1464, for some elements x1,
Ty, 3, T4 in F. Throughout of the paper let Z = (1, x9, 23, 24)7".

Let T : J — J be a linear operator. Then T'(z) = Z?ZI(Z?:I b;jxj)e;, v € J, for
the matrix B = (bi,j)?,jzl of the linear operator T', where x = x1e1 + o€ + X303 + T4€4.
For example, if J = Js2 (see Table) and T is a derivation on J, then T" has the form
T(z) = a1 z1n1 + 2a1129m9 + (ag 21 + 3a1123)n3 + 110404, T € J, with respect to
the basis {n1,n2,n3,n4} (see Table), where a1, az; in F. This common form of a
derivation can be directly calculated, and we will omit the calculations of common
forms of derivations on the Jordan algebras.

Local derivations of four-dimensional Jordan algebras

J Multiplication Common form Is each local derivation
table of a derivation a derivation?
Jao | n3=nang=n1, | (Br1+ azz)ng + (yos + (v — 3a)74)n2 +
en; = 3n;, i =2,3 +(a — y)wyng
T62 n% = 71421 = na, a1,121n1 + 2a1 12202 + (a3 121 +
niNg = N3 +3a1,1%3 + a3z aT4)n3 + a1,1TaN4
Je3 ni = no, (a1121 — %a1,1$4)n1 + (@211 —
nj = —ng —ng, +2ay,172 + (_%al,l — (2,1)T4)N2
niN2 = NaNyg = N3 +(az 121 + 2a2172 + §a1,1$3
+as 4x4)n3 + (_%al,lxl + ay,124)04
Ts4 n3 = na, (a1,121 + a1 awa)ny + (a2,121 -
n3 = —na, +2a1,1%2 — az,1)T4)n2 + (a3 171
NiNg = NNy = N3 +2a271x2 + (30,171 + a174)a:3
+as 4x4)n3 + (a1,421 + a1,124)N04
Tss ni = na, a1,1x1n1 + 2a1,1T9n9 -
NiNg = NaNg = N3 +(a3 171 + a3 33 + azaTa)N3
+((—3a1,1 + a3 3)r1 + (—2a11
+a3,3)T4)N4

Our principal tool for the description of local derivations on Jordan algebras of
dimension four is the common form of derivations, depending on a basis of these
Jordan algebras. Our main goal in this paper to justify Table and prove the theorems
corresponding to these tables. In Table a necessary and sufficient condition for a linear
operator to be a derivation on some Jordan algebras of dimension four is listed. Also, it
is indicated that, wether each local derivation of these Jordan algebras is a derivation
or not. The third column of the tables indicates whether each local derivation of the
corresponding Jordan algebra is a derivation or not, i.e., if yes, then sign “+” is put
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in the appropriate place of the column, if not, then sign “—” is put in this place. All

notations of Table are taken from [8].

2. Description of local derivations on some Jordan algebras
of dimension four

We prove the appropriate statements for Table, i.e. for four-dimensional Jordan
algebras.

Theorem 1. Fach local derivation of the Jordan algebras Jy9 and Jgo is a derivation.

Proof. Let Jy9 be the Jordan algebra over the field F with the basis {e1,n1,n2,n3}. Let
V be a local derivation on Jy9. Then

4 4 4
V(ZE) = <Z bl,]mj) er + Z (Z bi,j$j> ni—1, T € Ju
Jj=1 i=2 \j=1

for the matrix B = (bi,j)?,jzl of the local derivation V, where x = x1e14+xon1+x3n2+x403
and x1, 1o, w3, x4 € F.

By the definition for any element x € J49 there exists a derivation D, such that
V(xz) = D,(x). By the form of a derivation we get

1
D,(z) = (B%z1 + a"x9)nq + (’}/mﬂfg + (’yx — 50/”) :z:4) ne + (o — %) xyns
for some elements o®, * and " in F, depending on .
Now, by the equality V(n; + n3) = V(n1) + V(ns3), we have o™ 1" = o™, 4™+ —
%anﬁns = "8 — %an37 amtns _ymtns — qns —~"3. Hence, a™tm — " and o™ = "3,
Thus,
0O 0 0 0

gr oa™ 0 0
0 0 A" A" — %anl
0 0 0 o™ —~m

The equality D(a) = V(a) = Ba, where a = (ay,as, as,as)’", we can rewrite as the
following system of linear equations

a8+ asae = a1 ™ + asa™,
azy + as(y — 30) = azy™ + as(y™ — La™),
as(a —7y) = ag(@™ — ™),

with the parameters a;, 1 = 1,2, 3,4. We rewrite
aza + a1 = aza™ + a1 5,

—sasa + (a3 + as)y = azy™ + as (7" — 3a™),
agr — ayy = aq(@™ — ™).

Note, if ay, = 0, then the system of linear equations has a solution for any ay, as, as.
Now, suppose a4 # 0. Then the system of linear equations has the following form

a1f3 + azor = a1 5™ + aza™,
—a+2(2 + 1)y =289 429" —a™,
a—y=a" =",
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Hence,
a1 + aser = a1 f™ + axa™,
(282 + 1)y = 2829™ + 97,
a—y=a"t —y".

If 2024+ 1 = 0, then 2229™ + 4™ mast be equal to 0 since V is a local derivation,
i.e., the system of linear equations must have a solution for every a in J;9. Hence,
22—27”2 + ™ =0, if ay = —2ag, i.e., ¥"> = ™. Thus, by the form of a derivation, we
get the statement of the theorem.

The appropriate statement of the theorem for the algebra [Jso is similarly proved.
The proof is complete. O

Let V be a local derivation on Jg3. Then V(z) = 2?21(2?:1 bijxj)ng, v € Jg3 for
the matrix B = (bi,j)?’j:l of the local derivation V, where x = x1n1 + xong + x3n3 + x4n4
and x1, X9, x3, T4 € F.

By the definition for any element x € Jg3 there exists a derivation D, such that
V(xz) = D,(x). By the form of a derivation we get

T 1 x
X T X X
D,(z) = A, = asq 2al,l 0 3011 — G2 T3
T — Ll — aZ 2a% §ax a% €T
3,1 2,1 3d171 3,4 3
%a‘fl 0 0 ai, T4

a’f}l 0 0 —%a’fﬁl
B agil QaZzl . 0n3 —%a’fﬁn 4— asy
613,1n 2a57 3017 34
—gal’ll 0 0 a?ﬁ

Now, by the equality V(ni + ny) = V(n1) + V(ns) we have af{™ — za7i™ =
a?,ll - %a?ﬁ, _%a?,lfrm + a?,11+n4 = _%a’?,ll + a?fr Hence, a?,ll - %a?ﬁ = _%a?,ll + a?ﬁ?
a?,11+n4 =ay = a}.

On the other hand, the equality V(n; +ny) = V(n1) + V(ny) gives us the following
equalities ag,lfrm - %a?,llJrM - ag711+n4 = ag,ll - %a?ﬁ - agfp _%a?,lfrm = ag,ll - %a?ﬁ - agﬁ-
Since a?f"“ = afy, we have ay}y = ay?.

Now V(ny + ns + ng) = V(ny) + V(ng) + V(ny) gives us ap "™ + 2ay ™ —
%a?,11+n2+n4 - a§,11+n2+n4 = ag,ll + 2“?,21 - %a?ﬁ - a;ﬁv %a?ff"ﬁ”“ = 2“?,21 - %a?ﬁ, and
a?f711+n2+n4 _ % a?f711+n2+n4 — a?’ll _ % a711741 _% 711711+n2+n4 + arf}l—&-nz-&-m — _% a?}l + a7117417 a?f711+n2+n4 —
aty = aty. So, Sayy ™M = 2aly = 24t} — fath and af} = a7y, Thus, we get

@00 —lay
B agli 2agll 80113 —éa’ﬁm ay;
%Slm 2a,7 3011 a%4
—§a11 0 0 CLHl

We consider the following system of linear equations
1 1. om
a1ai,1 — 304011 = a1a1,% 3407 7, .
— ni ni ni ni
ajaz;1 + 2aza1, + a4(—§a171 —ay) = a1ay; + 2azay; + a4(—§a171 - %,1),
2 8 _ ni 2 n2 8 n3 T4
a1a3,1 + 202021 + 503011 + 44034 = 1037 + 202057 + 503017 + Q403

1 o 1 ni ni
—301011 + Q4011 = —30107; + Q4a7 5.
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We rewrite this system as follows

(a1 — sag)ary = (ay — jag)ay}h,

(— —a1 +ag)ar, = (——a1 + ag)ay’h,

(2@2 — —a4)a1 1+ ( ay — a4)a2 1= (2&2 §a4)a’f11 + (Cll CL4)CL72111,
%asch 1+ 2aza2;1 + ajaz; + asaz s = §a3a1 |+ 202057 + araz’y + agaz’.

The subsystem

(a1 — 3a4)ars = (a1 — zaq)aiy,
(—%al + &4)(1171 = (—%&1 + a4)a’f}1,
(2as — %a4)a1,1 + (a1 — aqg)as; = (2a3 — %a@a?}l + (a; — a4)ag}1,

always has a solution. So, if at least one of a;, a4 distinct from zero, then our system of
linear equations has a solution.
Suppose that a; = 0 and a4 = 0. Then we get

_ ni
gagal,l = 2&2(1,1,1, .
— n3 n9
3&3&171 + 2(12&2,1 = 5@3&1,1 -+ 2@2@271.

If additionally a, = 0, then this system has a solution. Else, if ay # 0, then we get

ai1 = @?,117
{ Qg1 = é%aﬁ + ag?l - %Z_za?,lh
i.e., in this case our system also has a solution. But, may be ay}; # a}", what does not
allow to V be a derivation.
Thus, in all cases the present system of linear equations has a solution. Hence, the
linear mapping V, defined by the matrix

aty 0 0 %a?}l
Q9 1 2aty 0 _;1;@711,11 — ay}y
a3 1 2a§’21 %a?,g 1 ag,ﬁ

- :1))0/?11 0 O a?h

is a local derivation. So, in particular, if ayy # af%, then V is a local derivation, which
is not a derivation. Thus, we have the followmg theorem.

Theorem 2. A linear operator V : Jes — Jez 1S a local derivation if and only if the
matriz of V has the following form

a1 0 0 _%al,l

a2 1 26L1,1 0 —%Gm — a2

as 1 azo2 A33 as 4
_%al,l 0 0 ai

Example 1. By the arguments above, in the case F = R, the linear operator V(z) =
2x9ns, © € Jg3, where x = x1nq + xong + x3n3 + x40y and x4, x9, x3, x4 € [F, is a local
derivation, which is not a derivation.

Let V be a local derivation on Jg4. Then V(z) = Z?:1(Z?:1 bijx;)n;, x € Jeu for
the matrix B = (bm)ﬁjzl of the local derivation V, where x = x1ny + Zono + x3n3 + x4M4
and xy, xo, 3, x4 € F.
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By the definition for any element x € Js4 there exists a derivation D, such that
V(z) = D,(x). By the form of a derivation we get

ajq 0 0 aiy 1
D,(z) = A, 7 = ag,l 2“;,1 i 0 i _Z% T
as q 2a2,1 3al,l taj,y a3y T3
ajgy 0 0 ai, T4

Similarly to the above algebras we get the following equality

Now, we take the equality V(ni+n4) = V(n1)+V(n4). Then we get a5 7™
ag,ll - agﬁ-

a’f}l 0 0 aﬁ
B = a%il 2a£’21 n 0 n _?L;L:ll

asi 2%,21 3‘11,31 + alil a3,44

aty 0 0 ayy

ny _ N4
Hence, ay} = ay].

ni+ng __

—Qo

The equality D(a) = V(a) = Ba we can represent as the following system of linear

equations

with the parameters a;, 1 = 1,2, 3,4. We rewrite this system in the following form

_ ni n4
a101,1 + 4014 = A107 1 + Q407 4,

_ n1 n2 ni
a0z, + 202011 — aq021 = ajayy + 2a2a171 — Q40y7,
arasy + 2aza21 + az(3a11 + a14) + asaz 4 =
_ ni n2 n3 n3 Uz
— @1@371 _|_ 2@2@271 + a3(3a171 _|_ a174) + &4@374,

I ni N4
11,4 + Q4011 = Q107 4 + Q407 7,

aiai + asa14 = a1aty + asal’y,

agayy + a1ay g = arayly + agay’,

2@2&171 + ((ll — a4)a271 = 2&2&?721 —f- (a1 — CL4)CL;L’11,
3azay 1 + asay 4 + 2a2a21 + arasq + asas 4 =

= aag} + 2a2a57 + az(3ayy + ai’y) + asazy.

Suppose a; # 0. Then, if a; = a4, then the system has the following form

— ni n4g
1011 + a101,4 = 1017 + Q107 7y,

_ n2
2@20/1’1 = 2@2@171,
3azai1 + azay 4 + 2a0a21 + araz; + azaz 4 =
. ni n n3 n3 T4
= a1a3; + 2a2a271 + a3(3a1’1 + a1,4> + aqazy.

(1)

Since ajas; # 0, asass # 0 the system has a solution. Else, if a; # a4, then the
subsystem of linear equations

— ni n4
a1011 + G414 = Q1077 + Q407 7y,

— ni n4
4011 + 01414 = Q107 4 + Q40775

has a solution. Since (a; — a4)az; # 0 we have the subsystem

_ ni na
1011 -+ 401 4 = alal,l + (14(1174,

_ ni Uz
aqQ1,1 + 1014 = Q107 4 + Q401 7,
_ n2 ni
2aza1,1 + (a1 — ag)agy = 2aza77 + (ay — ag)ayy

also has a solution for any as, a; # 0 and a4 # a;. Hence, by ajas; # 0 our system of
linear equations has a solution.
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Suppose a; = 0. Then the system has the following form

4014 = a4a§‘f‘4,

aqa11 = a4a?,41,

2a2a1,1 — aqa2,1 = 2a2a?i - a4a§’11,

3azay + azay 4 + 2a2a21 + agaz 4 = 2612‘13,21 + a3(3a’ff1 + a71l734) + a4a§f4.

In this case, if a4 = 0, then we have

— n2
{ 2@2(11’1 = 2012@1,1,

_ n2 n3 n3
3azayy + azay g + 2a0a21 = 2aay3 + az(3ay? + aiy).

If we consider the cases a; = 0 and as # 0 separatively, then we easily see that this
system of linear equations has a solution.
Now, if a4 # 0, then we have

_ N4
1,4 = Ay 4,

_ N4
11 = a7,

— n2 ni
2&2&1,1 — Q4091 = QCLQCI,LI — CL4(L2717
— n2 n3 ns n4
3azay, + azayq + 20201 + asa3 4 = 22055 + az(3ay? + ay?y) + agazd,
and this system also has a solution for any as, as and a4 # 0.

Thus, in all cases, the system of linear equations (1) has a solution. Therefore, the
map, generated by the matrix

aty 0 0 ay’y
a’g,ll 2“?,21 0 _a;,ll
agh 2ay3 3ayy +ayy  azy
a’ﬁ 0 0 a?ﬁ

is a local derivation by the form of a derivation. At the same time, if, for example,
ary # a3, then this local derivation (i.e., V) is not a derivation again by the form of a
derivation. So, we have the following theorem.

Theorem 3. A linear operator V : Jsa — Jsa 1S a local derivation, if and only if the
matrix of V has the following form

a11 0 0 ai 4
Q21 022 0 —ag1
a31 az2 AaAzs3 aA34
Q1.4 0 0 Q4 4

Example 2. By the arguments above, in the case F = R, the linear operator V(x) =
2T9n9, T € Jga, Where x = x1nq + x9no + 1303 + T4N4, is a local derivation, which is not
a derivation.

Let V be a local derivation on Jg5. Then V(z) = Z?:l(ijl b jxj)ni, © € Jgs for
the matrix B = (bi,j)ﬁjzl of the local derivation V, where x = z1ny + xono + x3n3 + 1404
and x1, x9, x3, T4 € F.

By the definition for any element x € Jg5 there exists a derivation D, such that

V(xz) = D,(x). By the form of a derivation we get

aj 0 0 0 1
D) = A7 = . D v
as 1 ass as 4 T3

xz x T T
_301171 + a/373 O 0 _2a1’1 + CL373 I4
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By the equalities V(n;) = Dy, (n;), Dy, (n;) = Ap,ni, i =1,2,3,4 we have

arl 0 0 0
B 0 2a13 0 0
agh 0 az3 as}y
—3ay} + aj 0 0 —2ay7 + az}

Now, by the equality V(n; +ng) = V(n1) + V(nz) we have ay’y = a}3.
The equality D(a) = V(a) = Ba we can rewrite as the following system of linear
equations

a1a11 = ala?lp

2(12@1 1= 2@2@1 15 (2)
a1a3,1 + azaz 3 + asa3 4 = alﬁgﬁ + a3a’§f3 + Magia

ar(=3a11 + azz) + as(—2a1,1 + az3) = a1(=3ay} + azy) + as(—=2a7 + azy),

with the parameters a;, ¢ = 1,2, 3,4. We rewrite

a1a11 = ala?ﬁ,

2011 = a2a71l,11,

(—3ay — 2a4)ary + (a1 + a4)a33 = al( 3a1 |+ as ) + ay(— Qa?ﬁ + agf,)),
a1a31 + azaz 3 + asa3 4 = a1a3 1T a3a3 5+ a4a34

Suppose that a; # 0 and a; + a4 = 0. Then a4 # 0, —3a; — 2a4 # 0, and

ay 1 CLl la
Clearly, in this case the system (2) has a solution.
If ay # 0 and ay + a4 # 0, then

ni
a171 = al 17
33 = —o-la1azhy + as(—2a74 + a3%) + 2a4a] 1]

a1a3 1 + asas 3 + a4a3 4 = a1a3 1 + CL36L3 3 + a4a3 4-

Since a3 # 0, i.e., ajas; # 0 we have, in this case, the system (2) has a solution.
Now, suppose that a; = 0. Then we get

— ni
Q2011 = Q207 7,
— n4q n4g
—2&4&1 1 + ayas 3= CL4( 2&1 1 + (1373),
CL36L3 3 + CL4G3 4 = CL36L3 3 + a4a3 4-

In this case, if a4 = 0, then the system (2) is equivalent to the following system

— ni
Q2011 = Q204 7,

— n3
a3as3 = a3ds s,

and the system (2) has a solution. Else, if ay # 0, then the system (2) is equivalent to
the following system

— ni
Q2011 = Q20 7,
—2@171 + a33 = 2@1 1 -+ CL3 37
azas;3 + aqaz 4 = CL3(1373 + a4a3,4.
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This system has a solution for any as, az and a4 # 0.

Thus, in all cases, the system of linear equations (2) has a solution if 2a7, — 2a7} =
az’y+azy. Hence, by the form of a derivation, under this condition V is a local derivation
with the matrix

ar 0 0 0
0 2a 0 0
—3aty +agy 0 0 —2ay5 +azy

At the same time, if, additionally, a}; # a}}, then V is a local derivation, which is not
a derivation by the form of a derivation. So, we have the following theorem.

Theorem 4. A linear operator V : Js5 — Js5 s a local derivation if and only if the
matrix of V has the following form

ay 0 0 0
0 201171 0 0
az1 0 azz aszy
ag; 0 0 aua

Example 3. By the arguments above, in the case F = R, the linear operator V(x) =
TNy, T € Jou, Where x = x1nq + Tong + x3ns3 + 1404 and x1, o, 3, v4 € F, is a local
derivation, which is not a derivation.

Remark 1. We note that local derivations of an arbitrary low-dimension algebra can
be similarly described using a common form of the matrix of derivations on this algebra.
A technique for constructing a local derivation, which is not a derivation, developed by
us, can be applied to an arbitrary low-dimension algebra, derivations of which have a
matrix of common form.
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